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werow

e A physical quantity which is
completely  specified by its
magnitude only is called scalar. It is
represented by a real number along
with suitable unit.

For example, Distance, Mass,

Length, Time, Volume, Speed, Area
are scalars.
A physical quantity which has
magnitude as well as direction is
called a vector. For example,
Displacement, velocity, acceleration,
force etc. are vector quantities.

Representation of vector

Geometrically a vector is represented by
a directed line segment. If for a vector

@, a = AB, then A is called its initial
point and B is called its terminal point.

Clearly AB and BA represents different
line segments

If a = AB, then its magnitude is
expressed by | | or | AB| or AB.
B

N
a

Types of Vector

(i) Zero or null Vector :

A vector whose magnitude is zero is called
zero or null vector and it is

denoted by 0 or 0. The initial and terminal
points of the directed line segment
representing zero vector are coincident
and its direction is arbitrary.

(ii) Unit vector :

A vector of unit magnitude is called a
unit vector. A unit vector in the
direction of a is denoted by a . Thus

vectora

magnitudeof a
1 |a|=1
(i1) Unit vectors parallel to x-axis, y-axis
and

z-axis are denoted by i, j and k
respectively.

(i11))Two unit vectors may not be equal
unless they have the same direction.

(iii)Equal Vector :

Two vectors a and E are said to be
equal , if

@]a|=]b]

(b) they have the same direction

(iv) Collinear vectors or Parallel Vectors :

Vectors which are parallel to the same
line are called collinear vectors or
parallel vectors. Such vectors have either
same direction or opposite direction. If
they have the same direction they are
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said to be like vectors, and if they have
opposite directions, they are called
unlike vectors.

In the diagram a and ¢ are like vectors

- - .
whereas a and b are opposite vectors.

(v) Coplanar Vectors :

If the directed line segment of some
given vectors lie in a plane then they are
called coplanar vectors.

(vi) Position Vectors :

The vector OA which represents the
position of the point A with respect to a
fixed point (called origin) O is called
position vector of the point A. If (x,y,z)
are coordinates of the point A, then

OA =Xi +yj +zk

(vii) Reciprocal vectors :

A vector which has the same direction as
vector a but whose magnitude is the
reciprocal of the magnitude of a, is
called the reciprocal vector of vector a

and is denoted by a1,
Thus ifa=[a, then
P

72

5
lal*  a]

Triangle law of addition :

If two vectors are represented by two
consecutive sides of a triangle then their
sum is represented by the third side of
the triangle but in opposite direction.
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This is known as the triangle law of
addition of vectors.

<
x

A

—_—

- —_ -
Thus, if AB = a, BC = b, and AC =

then AB + BC = AC i.e.Z+g=
Parallelogram Law of Addition :

If two vectors are represented by two
adjacent sides of a parallelogram, then
their sum is represented by the diagonal
of the parallelogram whose initial point
is the same as the initial point of the
given vectors. This is known as
parallelogram law of addition of
vectors.

O

—

—_— —_— =
Thus if OA = a, OB = b, and

then OA + OB = OC
-

N
+ b =c¢

Where OC is a diagonal of the
parallelogram OABC.

Addition in component form :

If the vectors are defined in terms of i, j

A e I A ~
and k.i.e.if a =a;i +aj +azk and

b = bii + byj + bk then their sum is

defined as
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a+b=(@+b)i+ (@+b)j+ (as+
b3)k

Subtraction of Vector

IR
If 2 and b are two vectors, then their

R
a

. — - . . - -
subtraction a — b isdefinedas a— b= a +

b)

If ; =8.1i +8.2} +a3f<

and b =byi +byj +bsk

then 2 —b = (a,~b, )i + (@—by)j + (as

+ b3) k
Position Vector

If AB be any given vector and also suppose
that the position vectors of initial point
A and terminal point B are a and b
respectively,

then AB=OB — OA = b— a

Multiplication of Vector by scalar

If ais a vector and m is a scalar (i.e. a real
number) then ma is a vector

- o
If a,b are any two vectors and m, n are any
scalar then
() m(a) =(a)m=ma

(commutativity)
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() m mMa)=n(ma) = (mn)a
(Associativity)

(ii)(m+n)a =ma +na
NN N R (Distributivity)
(ivyim(a + b)=ma +mb

Collinearity of vector

If 2a,b,c be position vectors of three
points A,B and C respectively and x,
y,z be three scalars so that all are not
zero, then the necessary and
sufficient conditions for three points
to be collinear is that

Xa+yb +z¢ =0andx+y+2z=0

Coplanar vector

If 2,b,c be three coplanar vectors, then a
vector ¢ can be expressed uniquely as
linear combination of remaining two
vectors i.e.

c=Aad +ub
Where Aand u are suitable scalars.

Direction cosine

Direction cosines of a vector are the cosines
of the angles subtended by the vector with
the positive directions of x, y and z axes
respectively.

Direction cosines of a line [Dc's] :

The cosines of the angles made by a
line with coordinate axes are called
the direction cosines of that line.

Let a, B, y be the angles made by a
line AB with coordinate axes then
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cos a,, cos f3, cos y are the direction then a, b, ¢ are direction ratios of the
cosines of AB which are generally line. Hence
denoted by ¢, m, n. Hence € = cos «a, a b

a,b,cdr's —=—
m=cos f,n=cosy / m n

Further we may observe that in
above case

V2 +m?+n?
Vva? +b? +¢?

£
a

m
= — = +
b L

1
va?+b?+¢?

. . . . a
Direction cosines of coordinate P =+

—_ b
axes : Vva?+b%+¢?

x-axis makes 0°, 90° and 90° angles m=+ b
. . . —[2 2 2’
with three coordinate axes, so its a“+b +c

direction cosines are
cos 0°, cos 90°, cos 90°,1.e. 1,0, O.
Similarly direction cosines of y-axis

and z-axis are 0, 1, O and O, O, 1
respectively. Hence

=+

C

va?+b? +¢?

n=+

Direction cosines of a line joining two
points:

Let P (x1, y1, z1) and Q (X2, y2, 22);
then

(i) dr'sof PQ: (xa—x1). (y2 - y1). (22— 21)

dc'sof x -axis=1,0,0
dc'sof y-axis=0,1,0
dc'sof z-axis=0,0, 1

(i) The direction cosines of a line

parallel to any coordinates axis are (i) dc's of PQ: X2~ X1 2=V Za %

equal to the direction cosines of the PQ PQ PQ
corresponding axis. Le.

(i1) Relation between dc's : 12+m2+

n2=1 X, — X, Yo=Y, 7, -7,
Direction ratios of a line [DR's] \/Z(x2 -x,)? ’ \/Z(x2 -x,)? , \/Z(x2 -x,)?

Three numbers which are

proportional to the direction cosines Scalar product

of a line are called the direction . .

ratios of that line. If a, b, ¢ are such If a and b are two non zero vectors and 6
numbers which are proportional to be the angle between them, then their

the direction cosines £, m, n of a line scalar product (or dot product) is
defined as the number a b cos 8 where a
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and b are modulii of a and b

respectively .It is denoted by a .b . Thus

b =|a||b]cosf=ab cos b

1) If a and b are like vectors, then 8 = 0
SO

> o - - - o> .

a.b =]al||b|=a b ie. scalar
product of two like vectors is equal
to the product of their modulii

(i) If a and b are unlike vectors then

- > - > - >
O=mwsoa.b=abcosm=—ab

(iii)) The scalar product of a vector by
itself is equal to the square of its

modulus ie.a.a =|a 2
(iv) If d@ and b are perpendicular to
each other then 8 =1 /2, so

N

a.b=abcosmT/2=0

i.e. the scalar product of two
perpendicular vectors is always zero.

But its converse may not be true i.e.
-
a

a.b=0= alb
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But if a and b are non zero vectors,
then

- -> o

b=0=alb

N
a .

(v) With the help of the above cases, we
get the following important results:

@i.i=j.j=k.k=1(®b)i.j=].k.k
j=0

(vi) If a and b are unit vectors, then

-

5
a.b =cosb

> o o
If a,b,c are any vectors and m, n any
scalars then

(i)a.b=b.a (Commutativity)

-

a.b)

N
a .

(i) (ma).b =a.(mb)=m(

(iii)(ma ). (nb)=(mn)(a.b)
(iv)a (b +¢) = a
(Distributivity)

(V) a.b =

Infact a .b

a=0 orb=cor al(b—c¢

(vi) (2 ._b>) .o s meaningless
(vi)scalar product is not binary
operation.

A - A bd
=ai+a,j+a;k

Let 2 and b be two vectors such that
-
a

N
a
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- - A = A > A
and b =bi+b,j+Dbyk

- - - - - - - -
Then a.b = a; b, + a, b, + a; b,

In particular
2.2 =|al2=212+ 222+ 232
For any vector ;,
d=(a.i)i+(ad.j)j+(a.k)k
Angle between two vector

(i) If 2 and b be two vectors and 6 be the
angle between them, then
a.b
cos b= 22—
-
la|lb]

(i) If 2 =a,i+a,j+a,kand

- A

N - A —> A

b =bi+b,j+ b;k then
e T e
a;b,+a,b,+a;b,

Ccos 0=
Ja? +a2 +a2 b2 + b2 + b2

Vector product

If 2 and b be two vectors and
0 (0 <6 < m)be the angle between them, then
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their vector (or cross) product is defined to
be a vector whose magnitude is ab sin

N
a

Vector product in terms of components :
If a= aji+arj+ a3k and b =bi + by
+bsk then a x b = (a2 b3 —a3b2) i +
(a3b] —a1b3)j +(a] b2-a2bl) k

Angle between two Vectors :

If 6is the angle between aand b , then

sin 0=

If n is the unit vector perpendicular to

the plane of aand b, then

(i) The vector product of two parallel
vectors is always zero i.e. if vectors a

and b are parallel, then axb =0

(i) If 2 and b are perpendicular vectors,
then

- - - > .
aX b a bn
(iid)If i,],k be three mutually perpendicular

unit vectors, then
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If a,b,c are any vectors and m,n any
scalars then

(iii) (ma)x(b)=(mn)(a X b)

(iv) ax(b xc)#(a Xb)X ¢
(v) ax(b+c)=(axb)+(axc)
(Distributivity)

> o - > - -
aXb =axc =% b = c Infact

(vi)

-> o > > - > >
aXb=aXc = ax(b—c)=0

= a=0o0r b==¢coral(
b-¢)
Scalar Triple Product

If a , b , ¢ are three vectors, then their scalar
triple product is defined as the dot product

of two vectors a and b X ¢. Itis
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generally denoted by a.(b x ¢)or[a b

¢ 1. Tt is read as box product of a,b,c.
Similarly other scalar triple products can be
defined as

(b Xc¢)a,(cxXa)b.

a1 If a =all+aym+ a3n, b =b1/+bom

+ b3 n and ¢ = cl¢/ + c2m + c3n,
then

[aDbc]=

¢

ey O - = A -
(1) a = a; i+ a, j+ a,

= A

b, j+ b, k and

(111) For any three vectors a,band?¢

- > >
abc]

(@[a+bb+cc+al=2]
) [a—b b —
(©)[axb b x 2[a b ¢]2

Properties of Scalar Triple product
(i) The position of (.) and (x) can be

interchanged i.e. a.(b X c)=(ax
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(i1) If the cyclic order of vectors is
changed, then sign of scalar triple
product is changed i.e.

(iii))The scalar triple product of three
vectors when two of them are equal

or parallel, is zero i.e.
[abbl=[abal=0

(iv)The scalar triple product of three
mutually perpendicular unit vectors
is =1 Thus

[jkI=1L[ikjl=-1

-

(v) If two of the three vectors a, b, c

are parallel then [2b¢c]=0

Nl e .
(vi) a c are three coplanar vectors if

9 b

IR
b
ab E)] = 0 i.e. the necessary and
sufficient condition for three non-

zero collinear vectors to be coplanar
is

5
C

[a b

1=0

(vii) For any vectors a,b,c,d

- -
C

[a+ Db ¢ d]l=[a ¢ d]

Senior Secondary Course
Learner’s Guide, Mathematics (311)

Vector Triple Product

The vector triple product of three vectors
a,b,¢ is defined as the vector product

- - - .
of two vectors a and b X ¢ . It is
denoted by

ax(bxc).

Properties :

(1) Expansion formula for vector triple
product is given by

ax(bx¢)=(a.6)b—(a.b)c
(b x ¢)xa =(b.a)c—(c.a)b.
(i) If a=ai+a,j+ask , b=b,i+b,j+bsk
and ¢=c,i+c,j+csk then
a x (bx¢d)
i

a

b,c; —bsc, bic; —bic,

vt

1. If ABCDE 1is a pentagon, then
AB 4+ AE + BC + DC + ED + AC
equals-

(A)3 AD (B) 3 AC

(C) 3 BE (D) 3 CE
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. Ifa=2i+5j and b=2i—j, then unit 7. If vectors (x —2)i+j and (x + 1)i+2

vector in the direction of 4 +b is-
(A) i+] (B) V2 (i+])
(©) (i+j)2 D) (i-j)/2

. The position vector of a point C with

respect to B is i+j and that of B with
respect to A is i—j. The position

vector of C with respect to A is-
(A)2i  (B)-2i

©2j (D)-2j

. If A, B, C are three points such that
2AC =3 CB | then 20A 4+ 3 OB

equals-
(A) 50C (B) OC
(C)-0C (D) None of these

. If the end points of AB are (3, —7)
and

(= 1,—4), then magnitude of AB is-

@2 ®3 ©O4 DS

CIF a=1+2j+3k and b=2i+j+3k then

the value of 1340l -

(A) V6 (B)24s6
(C)3J6 (D)446

j are collinear, then the value of x is-

A3 ®4 OG5 OO

. If points i+2k , j+k and Ai+pj are

collinear, then-
(A) »=2,u=1 @B)r=2,u=-1

(C) A=—1,u=2 D)r=—1,pu=-2

. IfP=25-30,9=52b+5,7 =33+

b+ 2¢,d,b,¢ being non zero, non
coplanar vectors then the vectors —2
a+3b—¢ is equal to -

N

O©)2p-3q+r (D)4p-2r

. If the position vectors of four points P,

Q, R, S respectively 2d+4c
Sa+3J3b+4¢ , —2J/3b+¢ and 2i+¢
then-

(A) PQIRS (B) PQ = RS

(@) PQ #RS (D) None of these

_If the angle between i and P is ©

then for 2.5 70
(A)o<o<n (B)o<0<m/2

OC)rn/2<0<n D)o<o<n/2
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12. If the moduli of vectors a and b are 17.If [3i 5j-3k Ai+k] = 5, then the
1 and 2 respectively and a .b= 1, then value of [ is-

the angle [] between them is-

(A)1 (B) 2
(A) 6=n/6 (B)6=n/3

O3 (D) Not possible
(C)o6=n/2 (D) 6=2n/3

If =432k gpgb=di-2j+dk L .
If a=4i-3j+k , b=3i+2j-k &

then (24+b).@-2b)equals- ¢=3i—j+2k represent three coterminous

edges of a parallelopiped then its

(A) 14 (B) -14 volume is-

(C)0 (D) None of these (A)60  (B)IS (C)30 (D)40

[ asi+2-2k b=di-jrk g c={+3j-k
2i+6j+3k ax(bxc) ;

. Angle between the vectors is equal to-

then
12i-4j+3k ;

and 18 - A A A A A a

(A) 20i-3j+7k  (B) 20i+3j+7k

1 (1 ~1(9 A A A
(A) cos (ﬁ] (B) cos (H] (C) 20i+3j-7k (D) None of these

© cos~! (99—J (D) cos—1 (éj

. ax(bx¢) i5 coplanar with-

15.If a=2i+j+3k , b=i+3j+3k then | - -

- (A) aand b (B) band ¢
a><b|ls
(A) V6 (B) 26 (C) ¢and i (D) None of these

(C) 70 (D) 46

16.If @ and b are two vectors, then- M
(A) |axb|=@[|b| (B)|dxb|<|d|b|
(©) |5><B|>|5||B| D) |£i><13|<|5||5| 1. If a,b,c are three non- coplanar
vectors and p , q , r are vectors

defined as
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bx¢ i= cxa
[abc] [abc]

p=

find @+b).p+(b+¢).G+(C+3).T

. If @, b, ¢ be any three non- zero

non coplanar vectors and vectors

bx¢

f):

then find[p q 7

. Ifﬁza—l;and =a B,and

LI

=2 then find|uxv]|
_ bx¢ _ oxd
[abc] 1 [@bc]

a, b ,¢ are non- coplanar vectors,

then find @+b+¢).(p+q+7)

5. If @-1=4, then find (3 *J). (21-3k)

. If the vectors 3= i+aj+ azfc,

b={+bj+b2k, C=i+cj+c2kare

three non-coplanar vectors and

a a’ 1+a’

b b? 1+b°|=0, thenfind the value

c ¢ 1+¢°

Hint o Cheek your Progees |

1C
6D
11 A

16 C

2B 3C 4A S5A
7C 8C 9C 10A
12D 13B 14B 15C

17B 18D 19C 20A
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