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RELATIONS AND FUNCTIONS-I

In our daily life, we come across many patterns that characterise relations such as brother and
sister, father and son, teacher and student etc. In mathematics also, we come across many
relations such as number mis greater than number n, line  is perpendicular to line metc. the
concept of relation has been established in mathematical form. The word “function” was introduced
by leibnitz in 1694. Function is defiend as a special type of relation. In the present chapter we
shall discuss cartesion product of sets, relation between two sets, conditions for a relation to be

a function, different types of functions and their properties.

| oeieCcTIVES

After studying this lesson, you will be able to :

° define cartesion product of two sets.

° define. relation, function and cite examples there of
° find domain and range of a function

° draw graph of functions.

define and cite examples of even and odd turnotions.

determine whether a function is odd or even or neither

define and cite examples of functions like |x| , [x] the greatest integer functions,

polynomial functions, logarithmic and exponential functions

to Find sum. difference, product and quotient of real functions.

EXPECTED BACKGROUND KNOWLEDGE

° concept of ordered pairs.

2.1 CARTESIAN PRODUCT OF TWO SETS

Consider two sets Aand B where
A={1,2}, B={3, 4,5}
Set of all ordered pairs of elements of Aand B
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is {(1.3),(1,4), (1,5), (2,3), (24), (2,5)}

This set is denoted by A x B and is called the cartesian product of sets Aand B.
i.e. AxB ={(1, 3), (1, 4),(1,5),(2,3),(2,4),(2,5)}
Cartesian product of sets B and A is denoted by BxA.
In the present example, it is given by

BxA={(3,1),(3, 2),(4,1),(4, 2),(5, 1),(5, 2)}, Clearly AXB ~ BxA.
In the set builder form :

AxB={(ab):acAand beB}andBxA={(b,a): beBandacA}
Note: If A=porB=¢ or A,B=¢
then AxB=BxA=4¢.

Example 2.1

(@) Let A={a,b,c}, B={d,e}, C={a,d}.
Find (i) AxB (ii) BXA (ii)Ax(B U C) (V) (ANC)xB
VM (AnB)xC (Vi)Ax(B-C).
Solution : (i) AxB={(a, d),(a,e), (b, d), (b, e), (c,d), (c,e)}.
(i) BxA={(d, a),(d, b), (d,c), (e, a) (e, b),(e, )}
@) A={a b, c}, BUC={ade}.
Ax(BuC)={(a a)(a d)(a e)lb, a)b d)(be)(c a)(,d).lce).
(v Anc={a}, B={de}. .. (AnC)xB={(a d),(a€)}
) AnB=¢,C={ad}, . AnBxC=¢
v) A={abc}, B-C={e}. .. Ax(B-C)={(a,e),(b,e),(ce)}.

2.1.1 Number of elements in the Cartesian product of two finite sets

Let A and B be two non-empty sets. We know that Ax B = {(a, b); a € Aand b € B}
Then number of elements in Cartesian product of two finite sets Aand B
i.e. n(A x B) = n(A). n(B)

Suppose A = {1,2,3}and B={x, y}, show that n(AxB)=n(A)xn(B)

Solution : Here n(A) =3, n(B) =2

AxB={(1x),(2x,3x, 1y, 2y Gk
N(A x B) = n(A)xn(B), =3 x 2 = 6

If n(A) = 5, n(B) = 4, find n(A x B)
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Solution : We know that n(A x B) =n(A) x n(B)
N(AxB)=5x4=20
2.1.2 Cartesian product of the set of real numbers R with itself upto
R xR X R
Ordered triplet Ax Ax A={(a, b,c):a, b, ce A}
Here (a, b, c) is called an ordered triplet.

The Cartesian product R x R represents the set R x R ={(x, y) : X,y € R} which represents
the coordinates of all the points in two dimensional plane and the Cartesian product R x R
x Rrepresentthe set R x R x R ={(x, ¥, 2) : X, ¥, Z € R} which represents the coordinates
of all the points in three dimenstional space.

SElo] RS If A = {1, 2}, form the set A x A x A,

Solution : Ax AxA={(1, 1, 1), (1, 1, 2), (1, 2, 1), (1, 2, 2)
2,1,1), 212,22 1), (22 2}

2.2 RELATIONS

Consider the following example :
A={Mohan, Sohan, David, Karim} and B={Rita, Marry, Fatima}

Suppose Rita has two brothers Mohan and Sohan, Marry has one brother David, and Fatima
has one brother Karim. If we define a relation R "' is a brother of" between the elements of Aand
B then clearly.

Mohan R Rita, Sohan R Rita, David R Marry, Karim R Fatima.
After omiting R between two names these can be written in the form of ordered pairs as :
(Mohan, Rita), (Sohan, Rita), (David, Marry), (Karima, Fatima).
The above information can also be written in the form of a set R of ordered pairs as
R={(Mohan, Rita), (Sohan, Rita), (David, Marry), Karim, Fatima}
Clearly R c AxB, ieR ={(a,b):ac A ,beB and aRb}
If Aand B are two sets then a relation R from AtoB is a sub set of AxB.
If () R =¢,Riscalled avoid relation.
(i) R=AxB, R is called a universal relation.
(i) If Ris a relation defined from Ato A, it is called a relation defined on A.

(iv)R={(a,a) V ac A}, iscalled the identity relation.

2.2.1 Domain and Range of a Relation

If R isa relation between two sets then the set of first elements (components) of all the ordered
pairs of R is called Domain and set of 2nd elements of all the ordered pairs of R is called range,
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Relations and Functions-1

of the given relation. In the previous example. Domain = {Mohan, Sohan, David, Karim},
Range = {Rita, Marry, Fatima}

SEnl VAN Giventhat A={2,4,5, 6,7}, B={2, 3}.

Risarelation fromAto B defined by

R={(a,b): ae A, beB andaisdivisible by b}
find (i) R in the roster form (ii) Domain of R (iii) Range of R (iv) Repersent R diagramatically.
Solution : MHR=4{(2,2),(4,2),(6,?2),(6,3)}

(i) Domain of R = {2, 4, 6} (iii) Range of R = {2, 3}

. A B
(iv)
D) ’
—Y R/
5 | __—
67
Fig. 2.1

=Enl] AN If Ris arelation 'is greater than' from Ato B, where

A={1,2,3,4,5}and B = {1,2,6}.
Find (i) R in the roster form. (ii) Domain of R (iii) Range of R.
Solution :
M R={(21).1).62),41),42),(051),6 2)}
(i) Domain of R = {2, 3, 4, 5} (iii) Range of R = {1, 2}
2.2.2 Co-domain of a Relation

If R is a relation from A to B, then B is called codomain of R.

For example, let A={1, 3,4, 5, 7} and B = {2, 4, 6, 8} and R be the relation ‘is
one less than’ from A to B, then R = {(1, 2), (3, 4), (5, 6), (7, 8)}

so codomain of R = {2, 4, 6, 8}

SE VA Let A = {1, 2, 3, 4, 5, 6}. Define a relation R from A to A by
R={(x,y):y=x+ 1} and write down the domain, range and codomain of R.

Solution : R = {(1, 2), (2, 3), (3, 4), (4, 5), (5, 6)}
Domain of A= {1, 2, 3, 4, 5}
Range of R = {2, 3, 4, 5, 6} and Codomain of R = {1, 2, 3, 4, 5, 6}

Q
WX CHECK YOUR PROGRESS 2.1

1. GiventhatA={4,5,6, 7}, B={8, 9}, C={10}
Verifythat Ax(B-C) = (AxB)—-(AxC).
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2. If U isa universal set and A, B are its subsets. Where U={1, 2, 3, 4, 5}.
A={1,3,5}, B={x:xisaprime number}, find A'x B'
3. IfA={4,6,8,10}, B={2, 3,4, 5}, Risarelation defined from Ato B where

R={(a,b): ae A, be B andaisamultiple of b}
find ()R inthe Roster form (if) Domain of R (iii) Range of R .

4, If Rbe arelationfromN to N definedby R={(x,y): 4x + y =12, X,y e N}
find (i) R in the Roster form (i) Domain of R (iii) Range of R.

5. IfR bearelationon N defined by R={ (x, x2) : x isa prime number less than 15}
Find (i) R in the Roster form (ii) Domain of R (iii) Range of R

6. If R be a relation on set of real numbers defined by R={(x,y) : x2 + y2 = 0}, Find
(i) R inthe Roster form (ii) Domain of R (iii) Range of R.

7. If(x+1, y-2)=(3, 1), find the values of x and y.

8. IfA={1, 1} find Ax AxA,

9. IfAxB={(a x), (ay), (b x), (b, y)} Find A and B.

10. If n(A) = 6 and n(B) = 3, then find n(A x B).

2.3 DEFINITION OF A FUNCTION

Consider the relation f: {(a,1), (b,2), (c,3), (d,5)}rom A B
setA={a,b,c,d}to set B={1,2,3,4}.

f
a > 1
In this relation we see that each element of A has a unique b > 2
image in B. This relation f from set A to B where every ¢ > 3 4
element of A has a unique image in B is defined as a function d > 5
from A to B. So we observe that in a function no two Fig. 2.2

ordered pairs have the same first element.
We also see that 3 an element € B, i.e., 4 which does not have its preimage in A. Thus here:

(1) the set B will be termed as co-domain and (ii) the set {1, 2, 3, 5} is called the range. Fromthe
above we can conclude that range is a subset of co-domain.

Symbolically, this function can be written as

f:A>BorA_f o B
2.3.1 Real valued function of a real variable

A function which has either R or one of its subsets as its range is called a real valued function.
Further, if its domain is also either R or a subset of R, then it is called a real function.
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Let R be the set of all real numbers and X, Y be two non-empty subsets of R, then a
rule “f” which associates to each x € X, a unique element y of Y is called a real valued
function of the real variable or simply a real function and we write itasf: X - Y

Areal function “f” is a rule which associates to each possible real number x, a unique real
number f(x).

2ol R \Which of the following relations are functions from Ato B. Write their domain
and range. If it is not a function give reason ?

(@) {(1, -2),(3,7),(4,-6),81}, A= {1, 3,4,8}, B= {—2, 7,-6,1,2}
b))  {@0),(1-1),(23),(410)}, A={124} , B={0-1310}
(©) {(a,b),(b,c),(c,b),(d,c)}, A={a,b,c,de} B={bc}
@  {(2.4),(3,9),(4,16),(5,25),(6,36}, A={2,34,56}, B={4916,2536)
(e) {@,-1),(2,-2),(3,-3),(4,-4),(5,-5)} ,A ={0,1,2,3,4,5},
B ={-1-2-3-4,-5}
) {(sm—,zj,(cosg,;}(tang,%j,(cotﬁ,ﬁj}
A= {sinﬁ,cosﬁ,tanﬁ,cotﬁ} B= {%%%\@ ,1}
@  {@b)(a2),(b3),0b4}, A={ab},B={b234}
Solution :
(@  Itisafunction. Domain = {1,3,4,8}, Range ={-2,7,-6,1}
(b) It is not a function. Because Ist two ordered pairs have same first elements.
(c)  Itisnota function. Because Domain= {a,b,c,d} # A,Range= {b,c}
(d) Itisafunction. Domain ={2,3,4,56},Range = {4,9,16, 25,36 }
(©)] It is not a function.
Because Domain = {1,2,3,4,5} # A,Range = {-1,-2,-3,—4,-5}
® It is a function.

3]

A

i 1 V3
Domain = SInE,COSE,tanE,cotE Range = _,£,
6 6 6 ' 2’ 2
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@ It is not a function. Because first two ordered pairs have same first component and last
two ordered pairs have also same first component.

=Enlo] [PAE State whether each of the following relations represent a function or not.

@) (b)
A B
f

>

Fig. 2.3 Fig. 2.4
©) (d)
A B A B
1 f‘ 2 1 f 1
) (12
3 > 6 -1 4

Fig. 2.5 Fig. 2.6
Solution :

(@ fisnota function because the element b of A does not have an image in B.
(b)  fisnotafunction because the element c of A does not have a unique image in B.
(c) fisafunctionbecause every element of A hasa unique image in B.

(d) fisafunctionbecause every element in A has a unique image in B.

=10 PO \Which of the following relations from R — . R are functions?

@ y=3x+2 (b) y<x+3 (¢ y=2x2+1
Solution: (a) y = 3x + 2 Here corresponding to every element x € R, 3 aunique element

y € R. . Itisafunction.
(b) y < X+ 3.

For any real value of x we get more than one real value ofy. -, Itisnot a function.
(©) y=2x2+1

For any real value of x, we will get a unique real value ofy. -, It isafunction.
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= Enlo] ANER et N be the set of natural numbers. Define a real valued function
f: N — N by f(x) = 2x + 1. Using the definition find f(1), f(2), f(3), f(4)

Solution : f(x) =2x + 1
fl)=2x1+1=2+1=3, f2)=2x2+1=4+1=5
f8)=2x3+1=6+1=7,fd)=2x4+1=6+1=9

Q
\ & § CHECK YOUR PROGRESS 2.2

1. Which of the following relations are functions fromAto B ?
@) {L-2),(37),(4-6),81Y)}, A={1348}, B={-27,-6,11}
(b) {(1,0),1-1),(2,3),(410)}, A=1{124},B={10,-1,310}
©{(@ 2),(b,3),(c,2),(d,3)}, A ={a,b,cd},B={23}
(d) {@1,2),(12),(273),(-3,4)}, A={12-3},B={1234}

of(23) ()03} a-asero-[bd]

M {(11),(-11),(2,4).(-2,4)}, A={01,-12,-2},B= {14}

2. Which of the following relations represent a function ?
(@) (b)
A B A B
a > 1
a > X
b y b > 2
C z ¢ >
d
Fig. 2.7 Fig. 2.8
(c) (d)
A B A B
2 a > 2
3 3
b
4 b > 4
¢ > 5 c 5
Fig. 2.9 Fig. 2.10
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3. Which of the following relations defined from R —s R are functions ?
@y=2x+1(b)y>x+3(€C)y<3x+1(d) y=x2+1
4, Write domain and range for each of the following functions :

0l (8- (53). f(22) (2] (22

(€){(11),(0,0),(2,2),(-1-1)}
(d) {( Deepak,16),(Sandeep, 28), (Rajan, 24 )}

5. Write domain and range for each of the following mappings :
(@) (b)
A B A B
1 > 4
I
I
Fig.2.11 Fig.2.12
(© d)
A B B
7
1 1 > 8
| o .|
2 } \ 2 \ 9
3 > 3 > 5
6
Fig.2.13 Fig.2.14
€
A B
a > 2
b
C
d > 4
Fig.2.15
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Let us consider some functions which are only defined for a certain subset of the set of real
numbers.

2.3.2 Some More Examples on Domain and Range

=ENo] [ PA Find the domain of each of the following functions :

@Y=" OYy=—s © L
X X -2 YT X+ 2(x -9
Solution : The function y = 1 can be described by the following set of ordered pairs.
X

Here we cansee that x can take all real values except 0 because the corresponding image, i.e.,

1
0 isnot defined. . Domain = R — {0} [Set of all real numbers except 0]

Note : Hererange =R -{0}

N . 1
(b) xcantake all real values except 2 because the corresponding image, i.e., ———— does

(2-2)

not exist. -, Domain = R — {2}

(c) Valueofydoesnotexist for x = -2 and x =3 . Domain = R — {-2,3}

= ENo][PARE Find domain of each of the following functions :

@y=+J/x-2 (b) y=+J(2-x)(4+x)
Solution :(a) Consider the function y = ++/x — 2

Inorder to have real values of y, we musthave (x —2)>0ie x > 2

Domain of the function will be all real numbers > 5.

() y:+\/(2—x)(4+x)

Inorder to have real values of y, we musthave (2 -x)(4+x)>0

We can achieve this in the following two cases :

Casel:(2-x)>0and (4+x)>20 = x<2and x> -4
Domain consists of all real values of xsuchthat —4 < x < 2

Casell: 2—x<0and4+x<0 = 2<xand x <-4.

But, x cannot take any real value which is greater than or equal to 2 and less than or equal to —4.

MATHEMATICS



Relations and Functions-I

From both the cases, we have Domain= -4 < x <2V x e R

SElo] NS For the function

f (x) =y = 2x +1, find the range whendomain = {-3,-2,-1,0,1, 2,3}.
Solution : For the given values of x, we have
f(-3)=2(-3)+1=-5,f(-2)=2(-2)+1=-3
f(-1)=2(-1)+1=-1,f(0)=2(0)+1=1
f(1)=2(1)+1=3,f(2)=2(2)+1=5,f(3)=2(3)+1=7
The given function can also be written as a set of ordered pairs.
ie, {(-3-5),(-2-3),(-1-1),(0,1)(13),(25)(37)}
Range = {-5,-3,-11,3,5,7}
If f(x)=x+3,0< x <4 findits range.
Solution : Here 0<x<40rQ0+3<x+3<4+30r3<f(x)<7

Range= {f (x):3<f(x)<7}

SCIJEPREE If f (x) = x2, —3<x < 3,findits range.

Solution: Given —3<x<3o0or 0<x2<9or0<f(x)<9

Range= {f (x):0<f(x)<9}

Q
& §CHECK YOUR PROGRESS 2.3
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1. Findthe domain ofeach of the following functions x < R :
@ (y=2x  (i)y=9x+3, (iii) y = x2 + 5
. 1 ) 1
O 0Y=571 WY = 1) (x=5)
I v e L ey
© () y=+6-x, (i) y = V7 +x, (iii) y = V3x + 5
@ @) y=y(3-x)(x-5) (i) y = J(x—8)(x+5)
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(iv) Y =

(ii)) y =

1 1
\/(3+x)(7+x) \/(x—3)(7+x)
2. Find the range of the function, given its domain in each of the following cases.

(@ () f(x)=3x+10,xe{157 -1 -2},

(i) f(x)=2x2+1, xe{-32 4,0}
(iii) f (x) = x2 —x +2,x € {1, 2,3, 4, 5}
b (i) f(x)=x-2,0<x<4 (i) f(x)=3x+4, -1<x<2
© ()f(x)=x2,-5<x<5 (i) f(x)=2x, 3<x<3
(i) f(x)=x2+1,2<x<2 (V) f(x)=+x,0<x<25

(d) (i) f(x)=x+5,xeR (i)f(x)=2x-3,xeR
(i) f(x)=x3,xeR (iv)f(x):%,{x:x<0}

(v)f(x):é,{x:xél} (vi)f(x):gx—l_z,{x:XSO}

(vii)f(x):%,{x:x>0} (viii)f(X)ZX)J(r5,{x:x¢—5}

2.4 GRAPHICAL REPRESENTATION OF FUNCTIONS

Since any function can be represented by ordered pairs, therefore, a graphical representation
of the function is always possible. For example, consider y = x2.

x|0[1[-1][2]-2[3[-3] 4[-4
ylol1] 1]4] 4]o] 9]16]16

< A

MATHEMATICS
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Does this represent a function?
Yes, this represent a function because corresponding to each value of x 3 aunique value of y.

Now consider the equation x2 + y2 = 25

x[0] o[3] 3[a] 4[5]-5]-3[-3[-4[-4
y|5/-5]4]-4|3]-3[0| o] 4|-4| 3|3

Fig. 2.17

This graph represents a circle. Does it represent a function ?

No, this does not represent a function because corresponding to the same value of x, there does
not exist a unique value of y.

Q
WX CHECK YOUR PROGRESS 2.4

1. (1) Does the graph represent a function?

A
v

LN
N | S

Fig. 2.18
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(i) Does the graph represent a function ?

/I

S IRva,

Fig.2.19
2. Draw the graph of each of the following functions :
(@y=3x2 (b y=-x2 () y=x2-2
(dy=5-x2()y=2x2+1 Hy=1-2x2
3. Which of the following graphs represents a function ?
@) (b
y ANy

-
v

X' € < > X X €

—>
vy
yl
Fig. 2.20 Fig. 2.21
() (d)
y Ay

x
/S
v
x

Fig. 2.22 Fig. 2.23
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©)

Y

4 y'

Fig.2.24
Hint : Ifany line || to y-axis cuts the graph in more than one point, graph does not represent a
function.

2.5 SOME SPECIAL FUNCTIONS

2.5.1 Monotonic Function
Let F: A — B beafunction then Fissaid to be monotonic on an interval (a,b) if it is either
increasing or decreasing on that interval.

For function to be increasing on an interval (a,b)

X1 <Xp = F(x)<F(Xy) V X Xy€e(a, b)
and for function to be decreasing on (a,b)

X1 <X = F(x)>F(Xy) V X Xp€e(a, b)

A function may not be monotonic on the whole domain but it can be on different intervals of the
domain.

Consider the function F: R — R definedby f (x) = x2.
Now V Xg, Xp€[0, 0], Xg <Xp = F(Xy)<F(Xp)
= FisaMonotonic Functionon [0, «].

(-.- Itisonly increasing function on this interval)
But  V Xg,Xp €(—0,0), X; <Xp = F(Xy)>F(xp)
—  FisaMonotonic Function on (—,0)

(-.- Itisonly adecreasing function on this interval)
Therefore if we talk of the whole domain given function is not monotonic on R but it is monotonic
on (—oo,0) and (0, ). Again consider the function F: R — R definedby f (x ) = x3.

Clearly vV x; x5 € domain x; < X, = F(Xy) <F(Xy)

~. Given function is monotonic on R i.e. on the whole domain.
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and Functions | A function is said to be an even function if for each x of domain F(—x) = F(x)

For example, each of the following is an even function.

2.5.2 Even Function

)  IfF(x)=x2then F(—x) = (-x)? = x2 = F(x)

Notes
(i)  IfF(x)=cosxthen F(-x)=cos(-x)=cosx =F(x)

(i) IfF(x)=|x|then F(—-x)=|-X|=|x|=F(x)

N

N
v

A\ 4

Fig. 2.25

The graph of this even function (modulus function) is shown in the figure above.

Graph is symmetrical about y-axis.

2.5.3 0dd Function
A function is said to be an odd function if for each x Ay

f(—x)=—-f(x)

(x,y)
For example,
o)

0] Iff(x)=x3 i >

then f (—x ) = (-x ) = =x3 = —f (x) )
(i) If f(x)=sinx 2%

Fig. 2.26

then f (—x ) =sin(-x) = —sinx = —f (x)
Graph of the odd functiony = x is given in Fig.2.26

Graph is symmetrical about origin.

2.5.4 Greatest Integer Function (Step Function)
f (x) = [ x] which s the greatest integer less than or equal to x.

MATHEMATICS
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f (x ) is called Greatest Integer Function or Step Function. Its graph is in the form of steps, as
shown inFig. 2.27.

Letusdrawthe graphofy =[x],x e R -3 —0
[x]=1 1<x<2 -2 —o0
[x]=2, 2<x<3 11 —=©
[x]=3 3<x<4 e
[x]=0, 0<x<1 ¢
[x]=-1 -1<x<-0 —o 7

y

[x]=-2, -2<x<-1
. Domain of the step function is the set of real numbers.
o Range of the step function is the set of integers.

Fig. 2.27

2.5.5 Polynomial Function
Any function defined in the form of a polynomial is called a polynomial function.

Forexample, (i) f (x ) =3x2 —4x - 2, (ii) f (x ) = x3 =5x2 —x + 5, (iii) f (x) =3
are all polynomial functions.

Note : Functions of the type f (x ) = k, where k is a constant is also called a constant function.

2.5.6 Rational Function

Functionofthetype f (x ) = %,where h(x)=0andg(x)andh(x) arepolynomial
X

functions are called rational functions.

X2 —4
X+1

Forexample, f(Xx)= , X # —1 isarational function.

2.5.7 Reciprocal Function: Functions of the type y = l, x = 0iscalled areciprocal function.
X

2.5.8 Exponential Function A swiss mathematician Leonhard Euler introduced a number e in
the form of an infinite series. In fact

e=1+£+ .....

! + L + o ! +
Il. Ig |§ Iﬂ ........ (1)
It iswell known that the sum of this infinite series tends to afinite limit (i.e., this series is convergent)
and hence it is a positive real number denoted by e. This number e is a transcendental irrational
number and its value lies between 2 an 3.
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i infini i 1+§+ﬁ+x_3+ +£+
Now consider the infinite series |l |2 @ ----- Iﬂ .....

It can be shown that the sum of this infinite series also tends to a finite limit, which we denote by
x 214 % x2 x3 xn

eX.ThUS,e = +E+E+E+ ..... +E+ ........... (2)

This is called the Exponential Theorem and the infinite series is called the exponential series.

We easily see that we would get (1) by putting x=1in (2).

The function f (x ) = ex, where x is any real number is called an Exponential Function.

The graph of the exponential function y = ex is obtained by considering the following important

facts:

()  Asxincreases, the y values are increasing very rapidly, whereas as x decreases, the y
values are getting closer and closer to zero.

(i)  Thereis no x-intercept, since X # 0 for any value of x.
@) Theyinterceptis1,since g0 —1and e # 0.

(v)  The specific points given in the table will serve as guidelines to sketch the graph of ¢*
(Fig. 2.28).

X -3 -2 -1 0 1 2 3
y=¢* 0.04 0.13 0.36 1.00 2.71 7.38 | 20.08

Fig. 2.28

MATHEMATICS
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If we take the base different frome, say a, we would get exponential function

f (x) = aX,provbided a > 0, a = 1.
For example, we may take a =2 or a = 3 and get the graphs of the functions

y = 2X (See Fig. 2.29)
and y = 3x(See Fig. 2.30)

3.2 -1 |0
- 14
-9,
Fig.2.29
¥
" Y- 3
B+
5 4
4
3
2
1
F—_-/ — .

-3+

Fig.2.30

Fig. 2.31
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Now Consider the functiony =ex ... 3

2.5.9 Logarithmic Functions

We write it equivalentlyas X = loge y Thus, y = log, x ... 4)

is the inverse function of y = ex

The base of the logarithm is not written if it ise and so log, X isusually written as log x.
Asy = exand y = log x are inverse functions, their graphs are also symmetric w.r.t. the line

y = X. Thegraphofthe function y = log x can be obtained fromthat of y = ex by reflecting
it inthe liney=x.

y = log.x

(i) Thelearner may recall the laws of indices which you have already studied in the Secondary
Mathematics : Ifa> 0, and m and n are any rational numbers, then

am .an =aMm+n, gM +an = am-n, (gm)" — gmn, a0 =1

(i) The corresponding laws of logarithms are
m
log, (mn) = log, m + log, n, 109, (F) =log, m —log, n

log, m

Tog. b °F 109y m = log, mlogy a

log, (mn) =nlog, m, 109y M = log,

Herea,b>0,a#1 b # 1.

MATHEMATICS
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2.5.10 Identity Function Sets, Relations

Let R be the set of real numbers. Define the real valued functionf:R—Rby| and Functions
y = f(x) = x for each x eR. Such a function is called the identity function. Here the domain
and range of f are R. The graph is a straight line. It passes through the origin.

ﬂ"_‘.'-

T Notes

6T

flxi=x Fig.2.33
2.5.11 Constant Function
Define the functionf : R > R by y = f(x) = ¢, x €R where c is a constant and each x eR.
Here domain of f is R and its range is {c}.
The graph is a line parallel to x-axis. For example, f(x) = 4 for each x R, then its graph
will be shown as

y
64
< 4 >
o
X e————1— —— > X
6 -4 2 |92 4 6
4 -2
4+ -4
4 -6
\y'
f(x) =4 Fig.2.34
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2.5.12 Signum Function

1if x>0

The function f : R — R defined by f(x) = 10, if Xx=0 is called a signum function.
-1if x<0
The domain of the signum function is R and the range is the set {-1, 0, 1}.
The graph of the signum function is given as under :

o

>y =1

—-|

P Fig. 2.35

Q
\ & @ CHECK YOUR PROGRESS 2.5

1. Which of the following statements are true or false.

(i) function f (x) = 2x* + 7x2 + 9x isaneven function.

(i) Odd function is symmetrical about y-axis.

(iii) f(x)=x1/2 —x3 + x5 isapolynomial function.

(iv) f(x) :;(T_f is a rational function forall x ¢ R.

(v) f(x)= %isaconstantfunction.

(vi) Domain of the function defined by f (x ) = 1 is the set of real numbers except 0.
X

(vii) Greatest integer function is neither even nor odd.
2. Which of the following functions are even or odd functions ?
x2 -1 X2 1

X+1 ®) f(X)=5+x2 (C)f(x):x2+5

@ f(x)=

MATHEMATICS
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3.

X
X2 +1

@OF()== @ f(x)= 0 1(x)=

@F (x) =

X—-3
” (h) f(x)=x-x3

Draw the graph ofthe function y = [x] - 2.

Specify the following functions as polynomial function, rational function, reciprocal
function or constant function.

X2 + 2x
(@) y =3x8 —5x7 +8x5 (b) Y=m,x3—2x+3¢0
3 2x +1
© Y=g x=0 (@ y=3+——,x=#0
1 X2 —5X + 6
=1-=,x=%0 = X #2
(e) y X (" y X — 2

_L
@ Y=3

2.6 Sum, difference, product and quotient of functions

(1) Addition of two real functions :

(i)

(iif

Letf: X > Rand g: X — R be any two functions, where X — R. Then, we define
(f+9g): X—>Rby (f+g)x) =f(x) + g(x), for all x eX

Let f(x) =% g(X) = 2x + 1
Then (f + @) (X) = f(x) + g(x) =x® + 2x + 1
Subtraction of a real function from another :

Letf: X > Rand g : X — R be any two real functions, where X — R. Then, we
define (f — g) : X > R by (f — g)x = f(x) — g(x), for all x eX

Let f(x) = x? g(x) = 2x + 1
then f—g) () =f(X) —g(x) =x> - (2x + 1) = x> - 2x -1
Multiplication of two real functions :

The product of two real functions f : X - R and g : X — R is a function
f g : X — R defined by (f g) (x) = f(x) . g(x), for all x eX

Let f(x) = x?, g(x) = 2x + 1
Then f g(x) = f(x) . g(x) = x2. (2x + 1) = 2x3 + x?

MATHEMATICS
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(v) Quotient of two real functions :

Let f and g be two real functions defined from X — R where X c R. The real quotient

of f by g denoted by é is a function defined by

(i\ 109 , provided g(x) # 0, x € X

(o) o)
Let f(x): X2, g(x) =2x + 1
oo _ X2 -1

X #
g(x) C2x+1 2

ThenL J( ) =

Example 2. 17 [RaRECIES Jx and g(x) = x be two functions defined over the set of

non-negative real numbers. Find (f + g)(x), (f — g)(x), (f g)(x) and (é} (x).

Solution : We have f (x) =+/x, g(x) = x
Then(f + g)(x) = f(x) + g(x) = Vx+x
(f-9)) = () -9() = Vx-x
(F 9 =f(x) . 9x) = Vx.x=x¥?

Q
A& CHECK YOUR PROGRESS 2.6

1. Afunction f is defined as f(x) = 3x + 4. Write down the values of

i f(0) (i) (7) (i) 1(-=3)
2. Letf, g: R — R be defined, respectively by f(x) = x + 1, g(x) = 2x — 3. Find

()
(f+9), (f-9) (fg) and LEJ'

A5
@ LET US SUM UP

o Cartesian product of two sets Aand B is the set of all ordered pairs of the elements of A
and B. Itisdenoted by oxBi.e AxB={(ab): ac AandbeB}

MATHEMATICS
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Relation is a sub set of AxB where A and B are sets.
iee Rc AxB={(ab):acAand beB and aRb}
Function is a special type of relation.

Functrions f : A — B isarule of correspondence from A to B such that to every element
of A 3 aunique element in B.

Functions can be described as a set of ordered pairs.

Let f be a function from A to B.

Domain : Set of all first elements of ordered pairs belonging to f.
Range : Set of all second elements of ordered pairs belonging to f.
Functions can be written in the form of equations suchas y = f(x)
where X is independent variable, y is dependent variable.

Domain : Set of independent variable.

Range : Set of dependent variable.

Every equation does not represent a function.

Vertical line test : To check whether a graph is a function or not, we draw a line parallel
to y-axis. If this line cuts the graph in more than one point, we say that graph does not
represent a function.

A function is said to be monotonic on an interval if it is either increasing or decreasing on
that interval.

A function is called even function if f(x)=f(-x), and odd function if
f(-x)=-f(x), x,—x € D¢
f,g: X > Rand X c R, then
(f+9)0() = f(x) + g(¥), (f - 9)(x) = () - 9(x)

(f. g)x = f(x) . g(x), {i] (x) = ) provided g(x)=#0.

g g(x)
A real function has the set of real number or one of its subsets both as its domain and
as its range.

e SUPPORTIVE WEB SITES

http://www.bbc.co.uk/education/asguru/maths/13pure/02functions/06composite/ index.shtml
http://en.wikipedia.org/wiki/functions
http://en.wikipedia.org/wiki/relations
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1. Given A = {a,b,c,}, B ={2,3}.Findthe number of relations fromAto B.

2. Giventhat A = {7,8,9}, B ={9,10,11}, C = {11,12} verifythat
Notes
()Ax(BNC)=(AxB)n(AxC)

MHAx(BUC)=(AxB)U(AxC)

3. Which of the following equations represent functions? In each ofthe case x ¢ R
y—2X+3X¢ﬂ b y—EX¢0 y = 3 X # 4,4
@Y= 575 (b) ¥ =2 ©Y=Ta 57"

1
dy=yx-1 x>1 (e)y:x2+1 () x2 +y2 =25
4, Write domain and range of the following functions :

f,:{(0,1),(23),(4.5)(6,7),.......(100,101)}
fy:{(-2,4),(~4,16),(~6,36)........}

{323

fg:{on(3,0),(-12),(4,-1)}
fo{mn(=3,3),(-2.2),(~11)(0,0)(11),(2.2), 0}

5. Write domain of the following functions :
1
(@ f(x)=x3 (b)f(X)ZXZ_ () f(x)=~3x+1
1 1
(d) f(x)= (e) f(x)=
(x) J(x+1)(x+86) (x) J(x-1)(2x -5)
6. Wrrite range of each of the following functions :
@y=3+2 xeR (b) y = }Z,XGR—{Z}
(©) —X_1X€{023579} w)y=jL R+
AT WX

(All non-negative real values)

MATHEMATICS
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7. Draw the graph of each of the following functions : Sets, Relations
1 and Functions
(@y=x2+3 xeR (b)y:E,XER—{Z}
x-1 1
©y-= ,x€{0,2,357,9} (dy=—,xeR*.
y x+1 { } Jx Notes
8. Which of the following graphs represent a function ?
(@) 1y (b) y
;. O ; X' (_/ @) X
(2% y
Fig. 2.36 Fig. 2.37
(©) 1y (d) y
& o > & >
X' X X o) X
2% Y
Fig.2.38 Fig. 2.39
€) T U ry
P © x M o “
vy vy
Fig. 2.40 Fig. 2.41
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©) 1 (h) ry
x © x5 0 x
(2% vy
Fig. 2.42 Fig. 2.43

Which of the following functions are rational functions ?

(@ f(x)= 2XX+_23,X€R—{—2} (b)f(X)=%,XeR+
(C)f(X)Z%erZ“‘r,XER—{—Z} dy=x,xeR

Which of the following functions are polynomial functions ?

@ f(x)=x2++3x+2 (b) f(x)=(x+2)

(c) f(x)=3-x+2x3 —x* () f(x)=vx+x-5 x>0
€ f(x)=vVx2-4,x¢(-22)

Which of the following functions are even or odd functions ?

21
@ f(x)=v9-x2 xe[-33] (b) f(X)=§2+1
(© F(x)=|x] (@ f(x)=x-x5
© 1 0) T
) 5 ) il B N
< x X' @) X
vy vy
Fig. 2.44 Fig.2.45

MATHEMATICS



Relations and Functions-I

12.

13.

14.

© T

D I

o

N\ y'
Fig. 2.46

Let ‘f” be a function defined by f(x) = 5x? + 2, x eR.

() Find the image of 3 under f.

(i) Find f(3) x f(2)

(i) Find x such that f(x) = 22

Let f(x) = x + 2 and g(x) = 2x — 3 be two real functions. Find the following functions
M f+g (i) f-g

f
(i) f.g ™ g
If f(x) = (2x + 5), g(x) = x> — 1 are two real valued functions, find the following
functions
M f+g (i) f-g (ii) fg
f

g
™ ™ ¥
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ANSWERS

CHECK YOUR PROGRESS 2.1

__ 2. {(21),(41),(24),(44)}).
3. ([MR={(42),(44),(62),(63).(82),(84),(10,2),(10,5)}.
(ii) Domainof R = {4,6,8,10}. (i) Rangeof R = {2,3,4,5}.
4. ()R={(18),(2,4)). (iiy Domainof R = {1,2}.
(iii) Rangeof R = {1,2}{8,4}
5. ([)R={(24),(39),(525),(7,49),(11,121),(13,169)}

Domainof R ={2,3,5,7,11,13}, Rangeof R ={4,9,25,49,121,169}.
6 (i) Domainof R = ¢  (if) Domainof R = ¢ (iii) Rangeof R = ¢
7 x=2,y=3
8. {(-1,-1,-1), (-1,-1,1), (-1,1,-1), (-1,1,1), (1,-1,-1), (1,-1,2), (1,1,-1), (1,1,2)
9

A={a,b}, B={x,y}.
10. 18

CHECK YOUR PROGRESS 2.2
L @ @© ® 2@ 0 3@, qd

4. (a) Domain = {\/2_\/5_\/5} Range = {2,-1,5}

(b) Domain = {-3,-2,-1}, Range = {%}

(c) Domain = {1,0,2,-1}, Range = {1,0,2, -1}
(d) Domain = { Deepak, Sandeep, Rajan }, Range = {16, 28,24 }.

5. (a) Domain = {1,2,3}, Range = {4,5,6}
(b) Domain= {1,2,3}, Range = {4}

(c) Domain = {1,2,3},Range = {1, 2,3}

MATHEMATICS
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(d) Domain= { Gagan, Ram, Salil } , Range = {8,9,5}

(e) Domain = {a.b,c,d },Range = {2,4}
CHECK YOUR PROGRESS 2.3

1. (@

()

©

(d)

()
©

(d)

(i) Domain = Set of real numbers. (if) Domain = Set of real numbers.
(iif) Domain = Set of a real numbers.

(i) Domain = R — {%} (i) Domain = R — {—%,5}
(iii) Domain = R — {3,5} (iv) Domain = R — {3,5}
()Domain={x e R:x <6} (i) Domain = {x e R : x > -7}

(iif) Domain — {X X e R.X> ‘%}

() Domain = {x : x e R and 3<x <5}

(i) Domain = {x:x e R x > 3,x < -5}

(i) Domain = {x : x e R x > -3,x < -7}

(vyDomain={x:xeR x>3x < -7}

(i) Range = {13,25,31,7,4} (ii) Range = {19,9,33,1}

(iii) Range = {2,4,8,14,22}

(i) Range = {f (x): -2 < f(x) <2} (ijRange={f(x):1<f(x)<10}
(i) Range = {f (x):1<f(x) <25} (i)Range = {f (x): -6 <f(x) <6}
(iii) Range = {f (x ) : 1< f(x) <5} (iv)Range = {f (x):0<f(x)<5)}
(i) Range =R (i) Range =R (iii) Range = R
(iv)Range = {f (x): f(x) <0}

(v)Range= {f(x):-1<f(x)<0}

(vi) Range= {f (x):05<f(x)<0} (vijRange = {f(x):f(x)>0}

(viii) Range : All values of f (x ) except valuesat x = —5.
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CHECK YOUR PROGRESS 2.4

Relations and Functions-I

1. (i)No. (ii) Yes
2. @ Ny (b) Ny
. O (0, 0) R
& > XI\ X,
X O | (0,0) X
2% yy'
Fig.2.47 Fig. 2.48
(©) Y (d) Y
(0,9)
) n
X N g X [ oloo | x
(O! 72)
yy' yy'
Fig.2.49 Fig. 2.50
©) Ny (f) MY
(0,1)
< Vil IR >
(01 1) x' O X
X O (0., 0) X
yy' yy'
Fig. 2.51 Fig.2.52

3. (c), (d)and (e).

CHECK YOUR PROGRESS 2.5
1. v,

(),

vii are true statements.
(i), (iv) are false statement.

vi,

(ii),

MATHEMATICS
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2. (b) (c) are even functions.

(d) (e) (h) are odd functions.

4, (@) Polynomial function (b) Rational function.

(d) Rational function.
(g) Constant function.

(e) Rational function.

Fig. 2.53
(c) Rational function.

(f) Rational function.

CHECK YOUR PROGRESS 2.6

1. ()4 (ii) 25

2. (f+g) x=3x-2, (f-g) x=4-x, (f.g) x=2x* —x -3, [—J X= ox_3' X#—

TERMINAL EXERCISE

2. 26 i.e., 64.

(iii) -5

f x—1

g

3. (@), (b), (c), (d), (e) are functions.

4. f; — Domain = {0,2,4,6,.....100} Range = {1,3,5,7,.....101}.

f, — Domain = {-2,—4,-6,......} .Range = {4,16,36, ......}.

N |-

f3 — Domain = {1,

1
131

N }.Range = {1,-1}.

3
2
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8.

10.
11.

12.
13.

14.

ations and Functions-1

fy —Domain = {....-3,-2,-1,0,1 2, 3,....} .Range = {0,12,3,......}.

f, —Domain = {3,-1,4}.Range = {0,2,-1}.
(8) Domain =R
(b) Domain = R —{-1,1}.

(c) Domain = x> -= MxeR.

(d) Domain = x > -1, x < 6.

() Domain

Il

X

\Y
N | o

X

IA

[N

(d Range=R

(b) Range = All values of y except at x = 2.

112314

Ran €= _11_1_1_1_1_

© . 3'2'3'4'5
(d) Range = All values of y for x >0

(@), (c), (e), (), (h). Use hint given in check your progress 15.7, Q. No. 7 for the
solution.

(@), (c)

(a), (b), (c)

Even functions : (a), (b), (c), (), (9)
Odd functions : (d), (e)

(i) f(3) =47 (i) f(3) x f(2) = 1034 (i) x = 2, -2
(@ f+g=3x-1 (i) f-g=-x+5 (iii) fg = 2x> + x - 6
. f/  X+2 x¢§
™) /9= x=3%"2
(i) f+g=x>+2x+4 (i)f-g=-x2+2x+6
Coa ) . V_2x+5 N
@ f.g=2x>+5x*-2x-5 (iv) 9_—x2—1’ T
2

g/_x-1 .5

V) % 2x+5 7 2
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