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TRIGONOMETRIC FUNCTIONS-II

In the previous lesson, you have learnt trigonometric functions of real numbers, drawn and
interpretd the graphs of trigonometric functions. Inthis lesson we will establish addition and
subtraction formulae for cos(A +B), sin(A+B) and tan (A £ B). We will also state the
formulae for the multiple and sub multiples of angles and solve examples thereof. The general
solutions of simple trigonometric functions will also be discussed in the lesson.

r
| OBIECTIVES

After studying this lesson, you will be able to :

o . . X T
e write trigonometric functions of —x, > Xty, ) + X, m+ X where x, y are real nunbers;

° establish the addition and subtraction formulae for :

cos (A + B) = cosAcosB F sinAsinB,

tanAttanB

sin(A + B)=sinAcosB +cosAsinBand tan(A+B)=———— —
l¥tan AtanB

'Y solve problems using the addition and subtraction formulae;

e state the formulae for the multiples and sub-multiples of angles such as cos2A, sin 2A,

. . A A A
tan 2A, cos 3A, sin 3A, tan 3A, SIHE,COSE and tan?; and

° solve simple trigonometric equations of the type :

sinX =sinao., COSX =COSa., tan X =tan o

EXPECTED BACKGROUND KNOWLEDGE

'Y Definition of trigonometric functions.

° Trigonometric functions of complementary and supplementary angles.
Trigonometric identities.
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4.1 ADDITION AND MULTIPLICATION OF TRIGONOMETRIC
FUNCTIONS

In earlier sections we have learnt about circular measure ofangles, trigonometric functions,
values of trigonometric functions of specific numbers and of allied numbers.

You may now be interested to know whether with the given values of trigonometric functions of
any two numbers A and B, it is possible to find trigonometric functions of sums or differences.

You will see how trigonometric functions of sum or difference of numbers are connected with
those of individual numbers. This will help you, for instance, to find the value of trigonometric

functions of -~ and >~ et
nctions o 12 an 12 etc.

T anb das T=" and 2 canb das T+ %
12 can pe expresseda as 46 an 12 can be expressea as 276

n . . )
How can we express I in the form of addition or subtraction?
In this section we propose to study such type of trigonometric functions.

4.1.1 Addition Formulae (cosAsin A)

For any two numbers Aand B, P

cos(A +B)=cosA cos B—sin AsinB

w
x

In given figure trace out X
ZSOP=A Q
/POQ=B cos (A+B), sin (A+B)

(1,0)

< \y <
f\ .

R

Z/SOR=-B . ,
cos (-B), sin (-B) J

where points P, Q, R, S lie on the unit circle.
Coordinates of P, Q, R, Swill be (cosA, sinA), Fig. 4.1
[cos (A+B),sin(A+ B)],
[cos(~B), sin(~B)], and (1, 0).
From the given figure, we have
side OP =side OQ, ZPOR = £ QOS (each angle = #B + 2 QOR), side OR = side OS

APOR = AQOS (by SAS) -. PR=QS

PR = \/(cosA—cos(—B))z +(sin A —sin (—B))2

QS =/(cos(A+B)-1)% + (sin (A +B)-0)°

IEN MATHEMATICS



Trigonometric Function

Since PR? =QS2 - cos? A+cos® B—2cosA cos B+sin? A+sin B+ 2sin AsinB

=cos? (A +B)+1-2cos(A +B)+sin? (A +B)
=  1+1-2(cos Acos B-sinAsinB)=1+1-2cos(A+B)

= cosA cos B —sin A sinB=cos(A+B)

Corollary 1

For any two numbers Aand B, cos (A—B) =cosAcos B +sinAsin B
Proof : Replace Bby —B in(l)
cos(A—-B)=cosAcosB +sinAsinB

[-- cos(~B) =cosB and sin(-B) =—sinB]

Corollary 2

For any two numbers Aand B, sin(A +B) =sin A cos B + cos A sin B

T . . T
Proof : We know that COS (E—Aj =sin A and sin (E_Aj =CO0S A

sin(A+B)= cos[(g—(A+ B)ﬂ = cos[(g—Aj— B}

:cos(g—Aj cosB+ sin(g—Aj sinB

or sin(A+B)=sin AcosB+cos AsinrB ..

Corollary 3

For any two numbers Aand B, sin(A —B) =sin AcosB—cos AsinB
Proof : Replacing B by — B in (2), we have
sin(A +(-B))=sin Acos(-B)+cos A sin(-B)

or sin(A—B)=sin AcosB—cos AsinB

Example 4.1

@ Find the value of each of the following :

T

12

(i) sin o (ii) cos (iii) cos7—n
12 12
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MODULE - |

Sets, Relations | (b)

If SINA L sinB L howthat A+B ="
T =~ 7z showthat A+B=—
and Functions V10 V5 4

Solution :
i sins—n—sin(EJrEj—sinfcosﬁwosfsinE
— @ O 12 46 4
13, 11 43+
2 2 22 22
(i) COSLCOS(E_EJ
12 4 6

T s .. . T
ZCOSZ-COS—+SIH —-SIn —

. b5 s
Observe that SIN—=C0S—

12 12
il COS7—TE = CO0S (E-I-Ej
(i) 12 34

U U . T . T
=C0S—-C0S ——sIn —- sin—
3 4

(b)  sin(A+B)=sinA cos B+cosAsinB

1 3 [1 2
A 10 0 cosB=,[1 c \/g

Substituting all these values in the above formula, we get

sin(AJrB):L

10

3
+_

10

A
ol -

5 —
0 5

+

%ﬁn

5
V1045

a1

sinZ oy A4B=T
L _nT BT
N 4

MATHEMATICS



Q
WX CHECK YOUR PROGRESS 4.1

1. (a) Find the values of each of the following :
i) sin i sinﬁ‘cosﬁ+cos£sin2—7E
Wiy () Sing oS 9 9

(b) Prove the following :

(i) sin [ngAj =%(cosA+\/§ sin A) (i) sin (%_Aj = %(cosA—sin A)

(c) If sinA = 8 and sinB _> , find sin(A-B)
17 13

2. (a) Find the value of cosi—g.

(b) Prove that:
(i) cosO +sin6 = \/Ecos[e—gj (i) \/3sin0—cos6 = 25in[6—%)
(iii) cos(n+1) A cos(n—1) A+sin (n+1) Asin (n—1) A =cos 2A
) T T . (m . (n 3
(iv) cos[Z+Aj cos(z— Bj +sin (Z+Aj sin (Z— Bj =cos (A+B)

tan A +tanB

Corollary4: tan(A+B)=—""""—_
1-tan A tanB

sin(A+B) _ sin AcosB+cos AsinB
0s(A+B) C0sAcosB-sin AsinB

Proof : tan(A+B)=
Dividing by cos Acos B, we have

sin AcosB N cos AsinB

cos AcosB cos A cosB
cos A cosB B sin AsinB

cosAcosB cosAcosB

tan (A+B) =

o tan(A+B)=_tONATENB (1)

1-tanAtanB

tan A—tan B

Corollary5: tan(A-B)=—
1+tanAtanB

Proof : Replacing B by — B in (1), we get the required result.
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onometric Functions-11

MODULE - |
i cotAcotB-1
Sets, Relations | Corollary6: cot (A+B)=———— =
and Functions cotB +cot A
cos(A+B) cosAcosB-sinAsinB
Proof : cot (A+B)=— ( )= - :
sin(A+B) sinAcosB+cosAsinB
NO®s | Dividing bysin Asin B, we have ... (IV)
cotB+cotA
Corollary 7 : tan (E+Aj _lrtanA
4 1-tan A
. tan " +tan A 1+tan A -
Proof : tan| =+ A |= 4 = as tan —=1
4 T 1-tanA 4
1-tan—-tan A
4
Similarly, it can b dth ttan(E—Aj—ﬂ
imilarly, it can be proved thai p oA
SEo] CF WA Find tan i
12
-1
tan — — tan — 3
Solution : tan - = tan [E - Ej = - 1
12 4 6 1+tan” - tan =~ 1+1ﬁ
(VB-1)(V3-1) 4-243
(B+1)(B-1) 2 =2-
T
tan—=2-+/3
12 [
STl X% Prove the following :
it . In
cos£+sm% An
(@) n . In tan?
C0S— —Sin—
36
(b)  tan7A —tan 4A — tan 3A = tan 7A tan 4A - tan 3A

100
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Trigonometric Functions-11

n

Solution : (a) Dividing numerator and denominator by COS 36 , We get
Ve . In Ve tan E + tan 7j
cos__+sin_—— l+tan 4 36
___36 36 _ 36 =
LHS. = . T 7n 1-tan ™ tan n
cos——sin— l-tan_— Ty 36
36
= tan(E +Ej = tan 16n = tanﬂ = R.HS
4 36 36 9

tan 4A + tan 3A

(b) tan 7A = tan (4A +3A) =
1 - tan 4A tan 3A

or tan 7A — tan 7A tan 4A tan 3A = tan 4A + tan 3A
or tan7A—-tan4A —tan3A =tan 7Atan4Atan 3A

Q
WX CHECK YOUR PROGRESS 4.2

1. Fill in the blanks :

(i) sin(%+A)sin(g—Aj= .........

(ii) cos[g+%jcos[g—%j= .........

Prove that :

() tan(% + ejtan(% - e) =1,

cot AcotB +1

i cot(A-B) =
(1) COLB — COt A

(i) tan —— + tan = + tan — - tan = = 1
12 6

a C
(b) IftanA=B;tanB=a,Provethat tan(A+B) =

. 1lln
() Find the value of COS ETR

ad + bc

bd — ac

MATHEMATICS
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Trigonometric Functions-11
MODULE - |

Sets,Relations |3 ) provethat: (i) tan[ =+ A |tan[ SE+ A | = -1
and Functions 4 4

cosO +sin O (n cos0 —sin O
= tan| — _

(if) cos0 —sin0

TU
+0 jiy ——————=tan| —-0
4 ) (i) cos0 +sin 0O (4 )

Notes

4.2 TRANSFORMATION OF PRODUCTS INTO SUMS AND

VICE VERSA

4.2.1 Transformation of Products into Sums or Differences

We know that sin (A + B) = sin Acos B + cos Asin B
sin(A-B)=sinAcosB - cosAsinB
cos(A+B)=cosAcosB-sinAsinB

cos(A —B) =cosAcosB +sin AsinB
By adding and subtracting the first two formulae, we get respectively
2sinAcosB =sin(A+B)+sin(A-B) ....(1)
and  2cosAsinB =sin(A+B)-sin(A-B) ...(2
Similarly, by adding and subtracting the other two formulae, we get
2cosAcosB=cos(A+B)+cos(A-B)  ...(3)
and  2sinAsinB=cos(A-B)-cos(A+B)..(4)
We can also quote these as
2sin Acos B = sin (sum ) + sin (difference )
2cos Asin B = sin (sum ) — sin (difference )
2cos A cos B = cos (sum ) + cos ( difference )

2sin Asin B = cos ( difference ) — cos (sum)

4.2.2 Transformation of Sums or Differences into Products
In the above results put
A+B=Cand A-B=D

C+DandB=C—D

Then A = and (1), (2), (3) and (4) become

102 MATHEMATICS



Trigonometric Funct

sinC+sinD=25inC+DcosC_D
2 2
sinC—sinD:ZCosC+DsinC_D
2 2
cosC+cosD=2005C+DcosC_D
2 2
cosD—cosC=25inC;DsinC;D

4.2.3 Further Applications of Addition and Subtraction Formulae
We shall prove that (i) sin (A + B)sin(A —B) =sin2 A —sin2 B
(i)cos(A + B)cos(A —B) = cos? A —sin2 B or cos2 B —sin2 A
Proof: (i) sin(A + B)sin(A-B)
= (sin AcosB + cos AsinB) (sin AcosB — cos AsinB)
= sin2 A cos2 B — cos2 AsinZ B
=sin2 A(1-sin2B)—(1-sin2 A)sin2 B
=sin2 A -sin2 B
(i) cos(A+B)cos(A—-B)
= (cos AcosB —sinAsinB) (cos AcosB +sin AsinB)
= c0s2 Acos2 B —sin2 AsinZ B
= c0s2A (1-5sin2B) - (1-cos2 A)sin2 B — ¢os2 A —sin2 B
=(1-sin2A)—(1-cos?2B) = cos2 B — sin2 A
Express the following products as a sumor difference

. b5t . om
i i ii iii) sin — sin —
(1) 2sin 30 cos 20 (i) cos 60 cos 0 (iii) TAT

Solution :
(i) 2sin30cos 20 = sin (30 + 20 ) +sin (30 — 20) = sin 50 + sin 6

(ii) cos 66 cos O = %(2c0366cose) = %[005(66+ 0)+cos(660-0)]

= %(cos7e+ cos 50)

MATHEMATICS
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. .ot .. o 1 . 5T . m
(iii) sin—sin— = —| 2sin —sin —
12 12 2 12 12

1 [57[—11) (5n+nj l[ n n}
=—| cos — COS = =| COS— — COS —
2 12 12 2 3 2
= ¢1alo) XMW E xpress the following sums as products.

(i) cos 2" + cos (i) sin T 4 cos
9 9 36

n
36
Solution :

Sn+ Tn Sn—-Tn
0S
9x2 Ox2

] 5n 7T
(i) cos? + cos? = 2C0S

= 2c052—ncosE [ cos(—ﬁj = cosf}
3 9 9 9

= 2cos[n—£jcosE —ZcosﬁcosE
3 9 3 9

= COSﬂ ["COSE—E}
B 9 |’ 3 2

. . 5T m . (m 13=n n
(i) sm%+cos—=sm 3736 + C0S —

36 36
13xn Vs
= C0S—— + C0S —
36 36
13+ 7x 13n-7x 5n T
= 2c0S cos = 2C0S — COS —
36 x2 36 x2 18 12
Example 4.6 Ny Rilla Ll s GUFPRY YN
Xampie <. rove tha sin 9A —sin 7A
Solution :
. TA+9A . 9A-TA
2sin 5 sin >
LRSS A+ TA_ 9A-TA
2C0os sin

2

_sin8AsinA  sin8A
cos8A sin A cos8A

= tan8A = R.HS.

MATHEMATICS



Trigonometric Functions
=ETlo) WA Prove the following :

(i) cosZ(g—Aj—sinZ(%—Bj=sin(A+B)cos(A—B)

. . ofm A . ofm A 1 .

[ sSin“| —+— |=sSIN“| ——— |=—=SINA

O (8 ZJ (8 ZJ V2
Solution :

(i) Applying the formula

cos2 A —sin2 B = cos (A + B)cos(A - B), we have
s s T T
=cos| ——A+—-Bjcos| -——-A-—+B
R N

=cosB—(A+B)}COS[—(A—B)] =sin(A+B)cos(A-B)=RHS

(if) Applying the formula
sin2 A —sin2 B =sin(A +B)sin(A-B),wehave

—sin(E+é+£—éjsin(£+é—E+éj
LHS. 8§ 278 2 8 2 8 2

—sinZsinA = isin A =RHS.

V2

Example 4.8 MR EN

b 271 s dn 1
C0S —C0S—C0S—C0S — = —
3 9 16
Solution': L.H.S. cosi[cosz—ncosﬁ} 0034_“
3 9 9 9

1 l[ 21 n} 47 [ T l}
=—.—| 2C0S—C0S— |C0S — 1 C0S— = —
2 2 9 9 9 3 2

l[ T n} 4 1 4 1[ 4 n}
=] COS— +COS— |COS— = —C0S— + —| 2C0S— COS —
9 9 8 9 8 9 9

1 4 1[ 51 n}
= —C0S— + —| COS— + COS —
8 9 3
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1 4n 1 ot 1

= ~C0S— + — COS — + —
3 o '3 o 15 Q)
on dm | dn
Now cos?—cos n—? ——cos? _____ )
1
From (1) and (2), we get L.H.S. = 5 R.HS.
rw
L" {f CHECK YOUR PROGRESS 4.3
1. Express each of the following as sums or differences :
@ 2cos 30 sin 20 (b) 2sin 40sin 20
T T . T T
2C0S —C0S — 2sin —cos —
©) 412 @ 3 6
2. Express each of the following as a product :
(@  sin60 +sin 40 (b)  sin70-sin30
() cos26 —cos46 (d  cos76 + cos50
3. Provethat :
r
cos © — cos ' ¥
sin5—n+cos4—n—cosE b 57) -1
(@) S 7g 9 9 ®) G0 7T _gin =
18 9
sm——5|n7—+5|n——0 d cos£+cos5—n+cos7—n=0
© 18 18 (@) cosg 9 9

4. Prove that :
(@) sin2(n+1)6 —sin2nB =sin(2n +1)0-sin6

(b) cosBcos(2a —B)=cos?2a —sin2 (o —f)

V3
cos2 & _gin2 = =2
©) 4 12 4

T
5. Show that COS? [Z + 9) — sin? (— - 9) is independent of @.

MATHEMATICS



Trigonometric Functions-11

6. Prove that :

sin® +sin30 +sin50 +sin 76
(a) = tan 40
c0s 0 + cos 30 + cos 50 + cos 70

. T .. 5t . b5t . TIn 1
(b) sin—sin —sin —sin — = —
18 6 18 18 16

(c) (cos<>c+cos[3)2 +(sina+sin[3)2 — 4 ¢os2

o-f
2

4.3 TRIGONOMETRIC FUNCTIONS OF MULTIPLES OF
ANGLES

(a) To expresssin 2Ain termsof sin A, cos Aand tan A.

We know that sin (A + B) = sin Acos B + cos Asin B

By putting B =A, we get sin 2A = sin Acos A + cos Asin A = 2sin Acos A
sin 2A can also be written as

2sin Acos A

sin 2A = - ceq 2 in2
o2 Arsnz A U 1=cos2A +sin2A)

Dividing numerator and denomunator by cos2 A, we get

sin Acos A
sin 2A — [ cos2 A j: 2tan A
c052A+sin2A 1+tan2 A
cos2 A cosZ A

(b) To express cos 2Ain terms of sin A, cos Aand tan A.

We know that cos (A + B) = cos Acos B —sin Asin B
Putting B =A, we have cos 2A = cos A cos A —sin Asin A
or cos 2A = cos2 A —sinZ A

Also cos 2A =052 A —(1-c0s2 A) = cos2 A —1 + cos2 A

i 5 1+ cos2A
L€, CoS2A = 2c0s2 A -1 = cos2 A = —
Also cos2A = cos® A—sin’ A —1-sin2 A —sin2 A
- ) - 2 _ l_ COS 2A
1e., cos2A =1-2sin2 A = sin= A = —
2 A _qin2
oS 2A = cos¢ A —sin< A

cos2 A +sinZ A

MATHEMATICS
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Dividing the numerator and denominator of R.H.S. by cos2 A, we have

1-tan2 A
1+tan2 A
© To express tan 2Ainterms of tan A.

cos 2A =

tan A+tan A 2tan A
tanZA:tan(A+A):1—tanAtanA B 1-tanZ2 A

Thus we have derived the following formulae :

Sin2A:25inAcosA:2ta—nA
1+tanZ A
2 4 a2 2 ,  1-tan?A
Cos2A =cos” A—sin® A=2cos" A-1=1-2sin"A=—-—
1+tan® A
2tan A B
tan2A=———— cos2 A = 1+ COS2A G2 p - 12 COS2A
1-tan A 2

IS brove that — 22— — tan A
rove that 1= =1

sin2A 2sinAcosA  sinA

Solution - 7~ C0S2A 20052 A cosA BnA
S Enlo] CENIN Prove that cot A — tan A = 2 cot 2A.
) 1-tan2 A
Solution : CotA —tan A = —tanA=—"""—
tan A tan A
2(1 — tan2 A)
~ 2tanA
B 2
. (ZtanAj
1-tan2 A
2
tan 2A = 2 cot 2A.

T 3n
SE0 KEN Evaluate COS2 st cos2 5

MATHEMATICS



Trigonometric Functions-11

. - l+cos§ 1+cos?Zc
Solution : cos2 = + €0s2 — = +
C0S% — + 3 5 5
1 1
I+ 5 1—3_(J§+1)+(J§—1)
2 2 22

DCnlo Y MPA Prove that COSA =tan E+A
Pe = 1-sinA 4 2)

tan ki + tan é
4 2

1—tan “tan 2
47 2

Solution : R.H.S. = tan [% + éj =

. A
sin —
1+ 2

A A A
COS——  COS—_ +SIin——
2 _ 2 2

A A A
Sin — COS— —SIn —
1 2 2 2

A
COS —
2

A . A A A
COS — + SIn — COS — —SIn —
~ 2 2 2 2
A . AV
COS — —SIn —
2 2

cos A _sinAH
2 2

[Multiplying Numerator and Denominator by (

2A . 2A
cos E—sm 0 A

= coS
- =———=LHS
coszé+sinzé—2wsésiné 1-sinA '
2 2 2 2

Q
\ & @ CHECK YOUR PROGRESS 4.4

T

3

1. If A = — verifythat

2tan A

a) SIn2A = 2sin AcCOSA = —
@ 1+tan2 A

MATHEMATICS
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MODULE - |

. 2 .9 2 .9 1- tan2 A
Sets, Relations (b) cos2A =cos” A —sin“ A=2cos” A-1=1-2sin“A=———
and Functions 1+tan“ A

2. Find the value of sin 2Awhen (assuming 0 <A< g)
3 . 12 16
Notes COSA = — SINA = — tan A = —
(@  (b) 5 © =
3. Find the value of cos 2A when
15 . 4 5
COSA = — SINA = — tan A = —
(@ L) : © o
4, Find the value of tan 2A when
3 a
tan A = — tan A = —
(@ 7 (b) A
. o T . o 3
5. Evaluate Sin2 — + sin2 —.
8 8
6. Prove the following :
1+ sin 2A T CotZ A +1
—————=tan?| —+A —————— =sec?2
41 sin2A (4 j (b) CosZ A-1 sec 2A

sin 2A
7. (a) Prove that T_cos2A CoSA (b) Prove that tan A + cot A = 2 cosec 2A.

0S2A

X cos A —tan(f—éj
8. (a) Prove that TV 1 2

(b) Prove that (cOs o + cosB)2 +(sino —sin B)2 = 4 cos?

oa-p
2
4.3.1 Trigonometric Functions of 3Ain Terms of A

(@ sin 3Aiin terms of sin A
Substituting 2A for B in the formula

sin(A + B) =sin Acos B + cos Asin B, we get
sin( A+ 2A) = sin A cos 2A + cos Asin 2A
=sin A(1-2sin2 A)+ (cos A x 2sin AcosA )
=sin A —2sin3 A + 2sin A(1-sin2 A)

=sin A —2sin3 A + 2sin A — 2sin3 A
sin 3A = 3sin A — 4sin3 A ..(1)
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()

©

(d)

cos 3A in terms of cos A
Substituting 2A for B in the formula

cos(A + B) = cosAcosB —sin Asin B, we get
cos (A + 2A)) = cos A cos 2A — sin Asin 2A

= cos A(2c0s2 A —1)—(sin A)x 2sin Acos A
=2c0s3 A —cosA - 2cos A(1-cos2 A)

:2cos3A—cosA—ZcosA+Zcos3A

cos 3A = 4cos3 A — 3cos A w(2)
tan 3Ain terms of tan A
tan A + tan B
Putti = i tan(A+B) =
utting B = 2A inthe formula tan ( ) T tn Aanp Ve 0et
tan A + 71 2 ttan 'ZA‘A
tan A + tan 2A — — tan
tan (A + 2A) = -
( ) 1- tan A tan 2A l—tanA><2t"’17nA
1-tan2 A
tan A —tan3 A + 2tan A
- 12—tan2A ~—— _3tanA—tan3A 3
1—-tan2 A - 2tan2 A 1_3@nZA -(3)
1-tanZ2 A
Formulae for sin3 A and cos3 A
sin3A = 3sin A — 4sin3 A
) ) . 3 3sin A —sin 3A
4sin3 A = 3sin A —sin3A or SIN°A = 4
Similarly, cos3A = 4cos3 A —3cosA
3A 3cos A + cos 3A
3¢0s A + cos 3A = 4cos3 A Or COS°A = 4

= E[o) RNEE Prove that

) . (n j . (n j 1.
sinosin| —+ o |sin| ——a | = =sin 3o
3 3 4

Solution : Sinasin(g + ajsin(g - aj
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MODULE - |

Sets, Relat_ions = lsin a[cos 200 — cosﬁ} :Esinoc 1-2sin%a— 1—2$inZE
and Functions 2 3 2 3

= Zisin o{sin2 T _sin2 oc}
2 3

Notes

3sina—4sind3a 1 .
= = —sin 3a
4 4

. [3 - }
=Sina| ——-SIn<oa
4

SE0 KEN Prove that c0os3 Asin 3A +sin3 A cos 3A = %sin 4A

Solution : cos3 Asin 3A + sin3 A cos 3A
= cos3 A(3sin A —4sin3 A) +sin3 A(4cos3 A —3cosA)
= 3sin Acos3 A — 4sin3 Acos3 A + 4sin3 Acos3 A — 3sin3 Acos A
= 3sin Acos3 A — 3sin3 Acos A
= 3sin Acos A (cos2 A —sin2 A) = (3sin Acos A) cos 2A

= 3sin 2A x C0S 2A :§5|n A :Esin 4A
2 2 4

e WK Prove that cos3 =~ + sin3 - = E( cos = + sin ij
9 18 4 9 18

lution : L.H —i[3cos£+cos£}+1(3sin£—sin£J
Solution : L.H.S. 4 9 3" 5

18
= §[cosE + sin i} + l(i - lj = §[cosE + sin ﬂ} = RHS.
4 9 18 412 2 4 9 18
Q
\ & @ CHECK YOUR PROGRESS 4.5
1. IfA= %,verifythat (a) Sin 3A = 3sin A — 4sin3 A

3tan A —tan® A
1—3tan2A

(b) cos3A = 4cos3 A —3cosA  (c) tan3A=
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2. Find the value of sin 3Awhen (a) sin A = % (b) sin A = P
q
3. Find the value of cos 3BAwhen (a) cos A = —% (b) cos A = %

4, Prove that COSOLCOS(%—OL)COS(§+OLJ=%COS30L.

5. (a) Prove that sin3ﬁ—sin3£ = E(si 2—n—sin Ej
9 9 4 9 9

sin 3A _ cos 3A

sin A cos A

(b) Prove that IS constant.

cot3 A —3cot A

6. (a) Prove that cot 3A =
3cot2 A -1

(b) Prove that
cos10A + cos8A + 3cos 4A + 3cos 2A = 8cos A cos3 3A

4.4 TRIGONOMETRIC FUNCTIONS OF SUBMULTIPLES OF
ANGLES

AAA lled submultiples of A
2,3,4arecae submultiples of A.
It has been proved that
SinzA:l—COSZA’ cos2A:l+ cosZA’ tanzA:l—COSZA
2 1+ cos 2A

2

. A /1—cosA / / —
SiIN—=+ , COSé:i M and tané:i ﬂ
2 2 2 2 2 1+ cosA

We will choose either the positive or the negative sign depending on whether corresponding

A A
Replacing Aby o we easily get the following formulae for the sub-multiple —- :

A
value of the function is positive or negative for the value of PR This will be clear from the

following examples

SEN VRGN Find the values of sin (—gj and cos ( —gj .
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] . A /1— A
Solution : We use the formula smzz + %

and take the lower sign, i.e., negative sign, because sin ( -

Similarly,

22 2

:\/2+x/§ _\/2+x/§

4 2

T
8

onometric Functions-11

j IS negative.

SEo] CRNYE If cos A = 2l5 and 3771 < A < 2m, find the values of

(i) sin A (i) cos A (iii) tan A
2 2 2

Solution :

and

..+ Alies in the 4th-quardrant, 3n <A< 21
2
3L é <m
4 2

siné>0 cosé<0 tané<0.
2 ' 2 ' 2

1- cosA
sm—

1+cosA l
cos—= ,/ ,f -

M1-cosA  [1- 2%
tan—= _

1+cosA  \1+ 15

Il
gl =
o|oo

MATHEMATICS
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MODULE - |
Sets, Relations
and Functions

T . A 1-cosA
1. If A = — verifythat a sin— =, [————
3 verify @ . >
A 1+ cosA A 1-cosA
b cos—=1/— C tan—=‘/—
(b) 2 2 © 2 1+ cosA
. . TT . TU
2. Find the values of sin — and sin —.
12 24
3. Determine the values of
sin r b cosE tan I
() sing (b) cos (c) tang.

4.5 TRIGONOMETRIC EQUATIONS

You are familiar with the equations like simple linear equations, quadratic equations in algebra
You have also learnt how to solve the same.

Thus, (i) x — 3 = 0 gives one value of x as a solution.

(i) x2 — 9 = o gives two values of x.

You must have noticed, the number of values depends upon the degree of the equation.

Now we need to consider as to what will happen in case x'sand y's are replaced by trigonometrig
functions.

Thus solution of the equation sin© — 1 = 0, will give

n 51 9n
i —l1and 6=—, —, —, ....
sing =1 5" 5 o

Clearly, the solution of simple equations with only finite number of values does not necessarily
hold good in case of trigonometric equations.

So, we will try to find the ways of finding solutions of such equations.

4.5.1 To find the general solution of the equation sin 6 =sin a

Itisgiventhat sin® =sino, =  sin6—sina =0

or 2cos[e+ajsin(e_aj=0
2 2

Eithercos[e;aj:oorsin(e;aj=0

Notes
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G_Toﬁqn,p,qez

0+ a
2

T
=(2 1)=
(|O+)2 or

0=(2p+1)n-a
From (1), we get

or 0=2qn+a ...

1)

=

0=nr+ (—1)n a, n e Z asthe geeneral solution of the equation sin © = sin o
4.5.2 To find the general solution of the equation cos 6 = cos a

Itisgiventhat, cos® =cosa, = €0sO—cosa =0

O+a . 06—«
n =

-25sin Si 0

= 2
] . 0+a . -a
Either, sin =0 orSin =0
9+0L_pn e_a—Q’ltpC]eZ

= > or > y P

= 0=2pt—a OrQ=2zt+a (1)

From (1), we have

0=2nn+o,n e Z asthe general solution of the equation cos 6 =cos a

4.5.3 To find the general solution of the equation tan 6 = tan a.

sin® sina

Itisgiventhat, tan® =tano, = o~ = 0

= sindcoso —sinacos® =0, = sin(B-a)=0

= O-a=nm,ne’Z, = O=nt+a,neZ

Similarly, for ~ cosec 9 =cosec o, the general solutionis 6 = nx + (_1)n o
and, for sec O = sec o, the general solutionis § = 2nx + o

and for cot® = cot o, O = nrt + o Isitsgeneral solution

=l FNE Find the general solution of the following equations :

V3

@ Osm0=1 sino=-2  @@eso=2 (eoso=-1

() cotd = —/3 @) 4sin®0=1

Solution : () (i) sin 6 = % = sing
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Gznn+(—l)n€, neZz

i\ _\/é . T . T . Ax
(")sme:—:—sm—zsm T+ — |=sIn—
2 3 3 3
eznn+(—1)”%’t, neZ
\/§ T T
b iycosO=—=cos—, - O0=2nm+t—, neZ
® O 5 =005 -
. 1 T i 27
(i) COSO = —— =—-C0S~ =COS| m ——~ | = COS—
2 3 3 3
9=2nniﬁ, neZz
3
1 i T 5n
() Cotez_\/g,tanez—ﬁz—tangztan(n—gj=tan?
Gznn+5—n, neZz
6
1 (1Y m
(d) 4sin2g=1 = sin26=—=[—j =sin2 —
4 2 6
. . T T
sin@=sinf£t—| - 0=ngt—, ne’Z
- (£5) wommegi ne
=) XN Solve the following to find general solution :
@) 20520 +3sin6 =0 (b)  cos4x = cos2x
() cos 3X = sin 2x (d)  sin2x +sin4x +sin6x =0
Solution :
(a) 2¢cos20+3sin6 =0, = 2(1—Sin26)+33in9=0
= 25in20—-3sin0—-2=0, = (2sin®+1)(sin6-2)=0
= sinez—% or sino =2, Since sSin 6 = 2 isnot possible.
) .M. ( ch . In
sin@ = -sin—=sin| T+ — | =sin—
6 6 6
n
e:nTE'F(—l)n'?,neZ
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(b)

U

©

Trigonometric Functions-11

CoS4x = cos2x 1.€., cos4x —cos2x =0
—-2sin3xsinx =0

sin3x =0 or sinx =0
3X =nx or X =Nxn
nm
X=? or X=N7 neZ

T
cos3x =sin2x = C0S3x = COS(E_ 2xj

3x:2nni(g—2xj Nez

Taking positive sign only, we have 3x = 2nm + g - 2X

5X = 2nm + x—@+1
= 2 = 5 10
Now taking negative sign, we have
3x:2nn—g+2x = x:2nn—gnez

(d)
or
or

or

r

AS

1

)

sin2x +sin4x +sin6x =0
(sin6x +sin2x)+sin4x =0

2sin4x cos2x +sin4x =0
sindx[2cos2x +1] =0

i cost——l—cosz—n
sin4x =0 or 5 3
2n
4x=ng  Or2X=2MmE-—c, ncz
N _ 4+ T
X—T or X—nTE_§ ne?Zz

{ CHECK YOUR PROGRESS 4.7

1. Find the general value of ¢ satisfying :

0] sin6 = ? () cosecd=+2

MATHEMATICS
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(ii) sino— Y3 W) sing=_ -
2 2
2. Find the general value of ¢ satisfying :
0 cosf=-= (i) secO=-—
2 V3

(i)  cosO = ? (v) secO=—/2

3. Find the general value of ¢ satisfying :

0 tan@=-1 (@) tano=+3 (@) coto=-1

4. Find the general value of ¢ satisfying :

i ) 1 . 1 . 1
i sin 20 = = il cos20 == (i tan 30 = —
(0 5 (ii) 5 (iif) 7
(iv) cos3e=—£(v) sin26=E (vi)  sin2 26=E
2 4 4
. . 3
(Vi)  4cos2@ =1 (vii) cos? ZG:Z
5. Find the general solution of the following :
(i) 25in20 + 3 cos0+1=0 (i  4cos?0-4sinp=1
(iin) cotO + tan © = 2 cosec O
)
WeZdl L ET Us sum uP
e sin(A+B)=sinAcosB tcosAsinB,
cos(A+B)=cosAcosB FsinAsinB
tan (A + B) = tan A + tan B tan(A-B)= tan A —tan B
l1-tanAtanB l+tanAtan B
Cot(A +B) = cotAcotB—l, Cot(A—-B) = cotAcotB +1
cot B + cotA cotB —cot A

. 2sinAcosB =sin(A+B)+sin(A-B)
2cosAsinB =sin(A+B)-sin(A-B)
2cosAcosB =cos(A+B)—-cos(A-B)
2sinAsinB =cos(A-B)-cos(A+B)
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sinC+sinD=25inC+DcosC_D
2 2
sinC—sinD:2cosC+DsinC_D
2 2
cosC+cosD=ZCosC+DcosC_D
2 2
C+D . D-C

cosC —cosD =2sin sin
2 2

sin(A+B)-sin(A—B):sinZA—sin2 B

cos(A+ B)-cos(A—B):cosZA—sin2 B

sin2A=25inAcosA=2ta—nA
1+tan2 A
2 .9 2 .9 1-tan’® A
CoS2A =cos“ A-sin“A=2cos“A-1=1-2sin A=—2
1+tan® A
tanZAZZta—nA
1-tanZ A
SinzA:l—COSZA, OSZA:1+ cosZA, tanzA:l—COSZA
1+ cos 2A

Sin3A =3sin A —4sind A | 10s3A = 4c0s3 A — 3cos A

3tan A —tan3 A

tan 3A =
1-3tanZ A

Sin3 A — 3sin A —sin3A 0s3 A — 3cos A + cos 3A

. A
sin —

4 4
N /1—cosA, cosézir /1+cosA
2 2 2 2
tanézir /1—cosA
2 1+ cosA

sin@ = sina = 6=nn+(—1)n a, neZz
c0S 0 = cosa = 0 =2nn * a, neZz
tan O = tan o = 0 =nm+ a, neZz

MATHEMATICS
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http://mathworld.wolfram.com/ Trigonometric_functions.html
http://en.wikipedia.org/wiki/Trigonometric_functions

Sl TERMINAL EXERCISE

cos? B—cosZ A
cos2 B —s,in2 A

=

Prove that tan (A +B)xtan(A—-B)=

2. Provethat cos® — /3sin 0 = Zcos[e+gj

3. IfA+B=2
4

Provethat(1+tan A)(1+tanB)=2and (cotA—-1)(cosB-1)=2
4.  Prove each ofthe following :

sin(A-B) +sin(B—C) +sin(C—A) 0
cosAcosB cosBcosC cosCcos A

ii) cos T —A |-cos T +A |+coS —zn—A -C0S —2n+A =C0S2A
(i)
10 10 5 5

(i

2n 4n on 1
(iii) cos==-c0S — - C0S — = —=
9 9 9 8

. 13n 17w 43n
(iv) cos— + cos— + cos— =0
45 45 45

(V) tan[A+gj+cot(A—gj: 1

sin 2A —sin T
3

Sinb+sin20 _ hg (vi) CoSO¥SING _ 12020 + sec 26

cosO —sin0

(vi) 1+ cos0O + cos20

. 2
f1=5SINn6 of(m O
—tan?[T_Y
°m°(1+snweJ (4 2}

i L T 3
(iX) cos2A+0032[A+—j+cos2(A__j =2
3 3) 2
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MODULE - |
Sets, Relations X sec8A —1 = tan 8A (xi) COSi 0057_n COS& COS@ = E
and Functions sec4A -1 tan 2A 30 30 30 16
i sin1+sin@ -1
TR TR

ot 5. Find the general value of ' ¢ ' satisfying

(a) Sin9=% (b) sinezg

. 1
(c)sin® = NG (d) cosec 0 =+/2

6. Find the general value of '@ ' satisfying

cose—l b sece—i
3
(c) cos6 = — (d) seco = -2
7. Find the general value of ' ' satisfying
1
(8) tan6 =1 (b) tan6 = -1 (c)coth = ——
V3

8. Find the general value of ' g ' satisfying

. 1
(a) Sin2 0 = 5 (b) 4c0s20 =1 (c) 2cot2 6 = cosec2 0

9.  Solve the following for ¢ :

(a) cos pd = cosgo (b) sin90 = sin O (c) tan5 6 = cot O
10.  Solve the following for ¢ :

() sinm@ +sinnd =0 (b) tanmO + cotnd = 0

(C) cosO +cos20 +cos30 =0 (d) sin® +sin20+sin30 +sin40 =0
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M ANSWERS

CHECK YOUR PROGRESS 4.1

J3-1
L@ 0 S5 (ii)

J3 -1
2. @ Nz

CHECK YOUR PROGRESS 4.2

cosZ A —sinZ A

1. (i) > (D)
( V3 + 1)
2. © - 202
CHECK YOUR PROGRESS 4.3
1L (@  sin50 —sin®; (b)
©  COS—+cos— d)
3 6
2. @) 2sin 50 cos O (b)
()  2sin30-sin® (d

CHECK YOUR PROGRESS 4.4

©

N[ &

C0S 20 — cos 60
. T . T
sin = +sin =

2 6

2c0s50 - sin 20
2c0s 60 - cos o

, 24 , 120 2016
S T ® 69 © 2225
3 161 = 119
- @ g9 ® 3 ©  Te9
24 2ab
e T O o
5, 1

CHECK YOUR PROGRESS 4.5

2. (@) (b)

27

22 (3p0® -4p°)

q3

21
221
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CHECK YOUR PROGRESS 4.6

23

@ 5 (6)

51 4B )

ds3

4¢3 — 3cd?

@ 22 22
@ V2 -2 ) V2 +2
2 2

CHECK YOUR PROGRESS 4.7

1.

(i) e=nn+(—1)”g, nez
(iii) eznn+(—l)n%n, neZ
(1) G:Znni%n, neZ

(iii) 6=2nnig, nez

(i) e=nn+37“, nez

(i) Gznn—g, nez

n
Q) e=—“+(—1)"%,nez

2
(iii) e:%"+%,nez
(v) e:nnig,nez
(vii) O=nn+=,neZ

0) e:2nni5§,nez

(iii) e:2nnig, neZ

nometric Functions-11

© J2-1

(ii) 6= nm(—l)”%, nez

(iv) 0= nm(—l)”%n, nez

(ii) 9=2nni5§, neZ

(iv) 9=2nni?%, neZ

(ii) e:nn+g, ne”Z

(ii)

(iv)

(Vi)

(viii)

(ii)

eznniﬁ,nez
6

Gzzn—niS—n,neZ
3 18
e:@ii,nez
2 12
e:@ii,nez
2 12

eznn+(—1)”g, ne”Z
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TERMINAL EXERCISE MODULE - |

Sets, Relations
and Functions
5. €)] 6=nn+(—1)"%,nez

b  O=nn+(-D)" % neZ —

(©) 6=nn+(—1)n57n,nez
(d) e:nn+(—1)“§,nez
6. @) 9:2nni%,nez
(b) 6=2nnig,nez
(©) G:ZnRi%,neZ
(d) 6:2nni2§,nez
7. €)] 9=nn+%,neZ
(b e:nn+37”,nez
() e=nn+2—;,nez
8. () 9=nni%,nez
(b) 9=nni%,neZ

(©) 6=nni§,nez
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10.

@)

(b)

©

@)

(b)

©

(d)

0= Zalli ,ne”Z

P+q

ezn—nor(2n+l)£,nez
4 10

0=(2n +1)£,n eZ
12

_(2k+Dn  2kn

0 or ,
m-n m+n

kel

o= (2k+Dm

= keZ
2(m=n) ©

0=(2n +1)% or 2nni2§,n eZ

2nm

Trigonometric Functions-11

ez?oreznnig,nez or 6=(2n-1)w,neZ
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