SEQUENCES AND SERIES

Succession of numbers of which one number is designated as the first, other as the second,
another as the third and so on gives rise to what is called a sequence. Sequences have wide
applications. In this lesson we shall discuss particular types of sequences called arithmetic
sequence, geometric sequence and also find arithmetic mean (A.M), geometric mean (G.M)
between two given numbers. We will also establish the relation between A.M and G.M.

Let us consider the following problems :

(@ A man places a pair of newly born rabbits into a warren and wants to know how many
rabbits he would have over a certain period of time. A pair of rabbits will start producing
offsprings two months after they were born and every following month one new pair of
rabbits will appear. At the beginning the man will have in his warren only one pair of
rabbits, during the second month he will have the same pair of rabbits, during the third
month the number of pairs of rabbits in the warren will grow to two; during the fourth
month there will be three pairs of rabbits in the warren. Thus, the number of pairs of
rabbits in the consecutive months are :

1,1,2,3,5,8,13, ..

(b) The recurring decimal 0.3 can be written asa sum

0.3 = 0.3 + 0.03 + 0.003 + 0.0003 ...

() Amanearns Rs.10 onthe first day, Rs. 30 on the second day, Rs. 50 on the third day and
so on. The day to day earning of the man may be written as
10, 30, 50, 70, 90, ---

We may ask what his earnings will be on the 10" day in a specific month.
Again let us consider the following sequences:

1 2,4,8,16,--- (2 9 278l a3

(3) 0.01,0.0001, 0.000001, ---

In these three sequences, each term except the first, progressess in a definite order but different
from the order of other three problems. In this lesson we will discuss those sequences whose
term progressess in a definite order.
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OBJECTIVES

After studying this lesson, you will be able to :

describe the concept of a sequence (progression);

define an A.P. and cite examples;

find common difference and general termofaA.P;

find the fourth quantity of an A.P. given any three of the quantities a, d, nand t ;

calculate the common difference or any other term of the A.P. given any two terms of the
A.P;

derive the formula for the sum of ‘n’ terms ofan A.P;

calculate the fourth quantity of an A.P. given three of S, n,aand d;
insert A.M. between two numbers;

solve problems of daily life using concept of an A.P;

state that a geometric progression is a sequence increasing or decreasing by a definite
multiple of a non-zero number other than one;

identify G.P.’s from a given set of progessions;
find the common ratio and general termofa G.P;

calculate the fourth quantity of a G.P when any three of the quantitiest , a, r and nare
given;

calculate the common ratio and any term when two of the terms of the G.P. are given;
write progression when the general term s given;

derive the formula for sum ofnterms ofa G.P;

calculate the fourth quantity of a G.P. ifany three ofa, r, nand S are given;

derive the formula for sum (S o) of infinite number of terms of a G.P. when |r| <1;

find the third quantity when any two of Soo, aand r are given;
convert recurring decimals to fractions using G.P;

insert G.M. between two numbers; and

establish relationship between A.M. and G.M.

EXPECTED BACKGROUND KNOWLEDGE

Laws of indices
Simultaneous equations with two unknowns.

Quadratic Equations.
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6.1 SEQUENCE

A sequence is a collection of numbers specified in a definite order by some assigned law,
whereby a definite number a_of the set can be associated with the corresponding positive
integer n. The different notations used for a sequence are.

1. a,a,a,..,4a,.. 2.a,n=123,.. 3. {a}
Let us consider the following sequences :
1. 1,2,4,8,16,32, .. 2. 1,4,9,16, 25, ...
, L1234 , Li1111
T 2'3'4'5" 77 ' '2'3'4'5'6°

In the above examples, the expression for n term of the sequences are as given below :

n 1
= on-1 =n? = — = —
W a=2 (@a=r (a=_—" (4)a,=—
for all positive integer n.
Also for the first problem inthe introduction, the terms can be obtained from the relation
a=1la=14a=a,+a,,,nh>3

Afinite sequence has a finite number of terms. An infinite sequence contains an infinite number
of terms.

6.2 ARITHMETIC PROGRESSION

Let us consider the following examples of sequence, of numbers :

3,5
1,—,2,—, ...
(1) 2,4,6,8, (2) 255
1 3 5
—,-1-=-2,—, ...
3) 10,8,6,4, 4) > > >

Note that in the above four sequences of numbers, the first terms are respectively 2, 1, 10, and

1 ) .
- The first term has an important role in this lesson. Also every following term of the sequence

has certain relation with the first term. What is the relation of the terms with the first termin
Example (1) ?Firstterm=2, Secondterm =4 =2+1x2

Third term =6 =2+2x2
Fourth term =8 =2+ 3 x2andsoon.

The consecutive terms in the above sequence are obtained by adding 2 to its preceding term.
.e., the difference between any two consecutive terms is the same.
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Afinite sequence of numbers with this property is called an arithmetic progression.
A sequence of numbers with finite terms in which the difference between two consecutive
terms is the same non-zero number is called the Arithmetic Progression or simply A. P.

The difference between two consecutive terms is called the common defference ofthe A. P.
and is denoted by 'd".

In general, an A. P. whose first term is a and common difference is d is written as
a,a+da+2d,a+3d, -

Also we use t_to denote the nth term of the progression.
6.2.1 GENERALTERM OFANA.P.
Let us considerA.P.a,a+d,a+2d,a+3d, ---
Here, first term (t) =a
secondterm (t)=a+d=a+(2-1)d,
thirdterm (t)=a+2d=a+(3-1)d
By observing the above pattern, n term can be writtenas:t =a+(n-1) d

Hence, if the first term and the common difference of an A. P. are known then any term of
A. P. can be determined by the above formula.

Note.:

(i) 1fthe same non-zero number is added to each termofan A. P. the resulting sequence
isagainanA. P.

(i) Ifeach term of an A. P. is multiplied by the same non-zero number, the resulting
sequence isagainanA. P.

SET|o] CIGHA Find the 10" term of the A. P.: 2,4, 6, ...

Solution : Here the first term (a) = 2 and common differenced =4-2=2

Using the formulat =a+ (n-1) d, we have
t,=2+(10-1)2=2+18=20

Hence, the 10th term of the given A. P. is 20.

SETlo] GG The 10" term of an A. P. is— 15 and 31% term is =57, find the 15" term.

Solution : Let a be the first term and d be the common difference of the A. P. Then from the
formula: t =a+ (n-1)d, we have

t,=a+(10-1)d=a+9dandt,=a+(3l-1)d=a+30d
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We have, a + 9d =-15...(1), a+30d =-57 ...(2)
Solve equations (1) and (2) to get the values ofaand d.

Subtracting (1) from (2), we have

-42
=_ = — L d=—==2

21d=-57+15=-42 .. 1
Again from (1),a=-15-9d=-15-9(-2)=-15+18=3
Nowt,=a+(15-1)d=3+14(-2)=-25
S Elo] AR \Which term ofthe A. P.: 5,11, 17,...i1s119 ?
Solution : Herea=5,d=11-5=6

t =119
We know thatt =a+(n-1)d
119-5

6

= 119=5+(h-1)x6 = (n-1)= =19

n=20
Therefore, 119 is the 20th term of the given A. P.

SEo] RN |s 600 a termofthe A. P.: 2,9, 16, ...?

Solution : Here,a=2,andd=9-2=7.
Let 600 be the n" term of the A. P. We havet =2+ (n-1)7

According to the question,

2+ (n-1)7=600 . (n-1)7=598
or n:@+l n=86§

Since nis afraction, it cannot be a term of the given A. P. Hence, 600 is not a term of the given
AP

a b C
SE RN Ifa+b+c=0and ; ; are. in A. P, then prove that
b+c c+a a+b

1 1
b+c'c+a a+b

are also inA. P.

a b
b+c c+a a+b

Solution. : Since are inA. P., therefore
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b a ¢ b
c+a b+c a+b c+a

BT ETE T

a+b+c a+b+c a+b+c a+b+c

r
o, c+a b+c a+b c+a
1 1 1 ! Si +b+ 0
r - = - in
O t+a b+c a+b c+a (Since & ¢#0)
1 1 1 .
or, are inA. P.

b+c c+a a+b

Q
\ & f CHECK YOUR PROGRESS 6.1

1. Find the n™ term of each of the following A. P’s. :
(@1,3,57, - (b)3,5,7,9, -
2. Ift =2n+1, thenfind the A. P.

_ 11 .
3. Whichtermofthe A. P. 25, 4, 55, ..... is 31? Find also the 10" term?

4. Is—292atermofthe A.P.7,4,1,-2,...7
5. Them™"termofanA.P.isnand the n™ termis m. Show that its (m + n)"" termis zero.

6.  Three numbers are in A. P. The difference between the first and the last is 8 and the
product of these two is 20. Find the numbers.

7. Then™termof a sequence is na + b. Prove that the sequence is an A. P. with common
difference a.

6.3 TO FIND THE SUM OF FIRST n TERMS IN AN A. P.

Let a be the first term and d be the common difference of an A. P. Let | denote the last term, i.e.,
the n" termofthe A.P. Then, 1=t =a+ (n-1)d . (i)

Let S denote the sum of the first n terms of the A. P. Then
S =a+(@+d+(@+2d)+..+(I-2d)+(1-d)+1 .. (i)
Reversing the order of terms inthe R. H. S. of the above equation, we have

S =l+(-d)+(I-2d)+..+(a+2d)+(a+d)+a ... (iii)
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Adding (i) and (iii) vertically, we get

25 =(@a+)+(@+I)+(a+1)+..containingnterms=n (a+ 1)

n
i S,=—(a+l
ie, S, 2( )

Also Sn:g[2a+(n—1)d] [From (i)]

Itisobviousthatt =S -S|

SEo] NN Find thesumof 2+4 +6 + ... nterms.

Solution.: Herea=2,d=4-2=2
n
Using the formula S, = E[Za +(n-1) d], we get

sn=2[2><2+(n—1)2] =g[2+2n]=w =n(n+1)

SN WA The 35" termofan A. P. is 69. Find the sum of its 69 terms.
Solution. Let a be the first term and d be the common difference ofthe A. P.
We havet, =a+(35-1)d=a+ 34d.

a+34d=69 0
n
Now by the formula, S, = 5[23+ (n-1)d]

69
We have Seg = 7 [2a + (69 _1) d]

=69 (a + 34d) [using (i)]
=69 x 69 = 4761

SEl) RN The first termofanA. P.is 10, the last term is 50. 1fthe sum of all the terms

is 480, find the common difference and the number of terms.

Solution : We have: a=10, =t =50, S = 480.
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By substituting the values of a, t and S_inthe formulae

S, :%[2a+(n—l)d] and t = a+ (n-1)d, we get

480:2[20+(n—1)d] o ()
50=10+(n-1)d (D)
From (i), (n— 1) d =50-10=40 -+« (iii)
n
From (i), we have 480 = > (20+40) using (i)
2 x480
or, 60n=2x480 n= =16
60
From (iii),
g-20_8 1=16-1=15
15 3 (8sn-1=16-1=15)

SN0 EXMEN | et the n term and the sum of n terms of an A. P. be p and q respectively.

L . (29-pn
Prove that its first term is 0 .

Solution: Inthiscase, t =pandS =q
Let a be the first term of the A. P.

n n
Now, Sn=§(a+tn) or, E(a+ p)=d

2 2 20— pn
or, a+p=—q or, a=—q—p a= a-p
n n n

Q
\ & § CHECK YOUR PROGRESS 6.2

1. Find the sum of the following A. P’s.
() 8,11, 14,17,...upto 15 terms (b) 8,3,-2,-7,-12,...up to n terms.
2. How manytermsofthe A. P.: 27,23, 19, 15, ... have a sum 95?
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3. Amantakes an interest-free loan of Rs. 1740 from his friend agreeing to repay in monthly
instalments. He gives Rs. 200 in the first month and diminishes his monthly instalments by
Rs. 10 each month. How many months will it take to repay the loan?

4.  How many terms of the progression 3, 6, 9, 12, ...
must be taken at the least to have a sum not less than 20007

5. Inachildrenpotato race, n potatoesare placed 1 metre apart in a straight line. Acompetitor
starts froma point in the line which is 5 metre from the nearest potato. Find an expression
for the total distance run in collecting the potatoes, one at a time and bringing them back
one at a time to the starting point. Calculate the value of n if the total distance run is 162
metres.

6.  Ifthe sumoffirst nterms of asequence be an®+ bn, prove that the sequence isan A. P.
and find its common difference ?

6.4 ARITHMETIC MEAN (A. M.)

When three numbers a, Aand b are in A. P., then Ais called the arithmetic mean of numbers a
and b. We have, A—a=b-A

A= a+b
or, =

a+b
Thus, the required A. M. of two numbersa and b is - Consider the following A. P :

3,8,13,18, 23, 28, 33.

There are five terms between the first term 3 and the last term 33. These terms are called
arithmetic means between 3 and 33. Consider another A. P. : 3, 13, 23, 33. Inthis case there
are two arithmetic means 13, and 23 between 3 and 33.

Generally any number of arithmetic means can be inserted between any two numbers aand b.
LetA, A, A, ..., A benarithmetic means between a and b, then.

a,A A A, ..., A, bisanA.P.
Let d be the common difference of this A. P. Clearly it contains (n + 2) terms

b=(n+2)"term

za+(n+1)d
g-b-2
n+1
b—a )
Now, A =a+d=A, =F3+mk ()
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2(b—a)k
—a+2d =A =Fa i
A, T20= A, + N+l (i)
n(b—a)k
= a+nd AnFa —

A +nd = + ] ...(n)
These are required n arithmetic means between a and b.
Adding (i), (i), ..., (n), we get

b-a
A +A+ . A =na+ ok [LF24n]
:na{b—aJ(n(nﬂ)J:naJrn(b—a):n(a+b)
n+1 2 2 2

=n[Single A. M. between a and b]

= ETlo) ISMER Insert five arithmetic means between 8 and 26.

Solution : LetA, A, A, A, and A, be five arithmetic means between 8 and 26.
Therefore, 8, A, A, A, A, A, 26areinA P.witha=8,b=26,n=7
We have 26 =8+ (7-1)d .. d=3

A=a+d=8+3=11,A =a+2d=8+2x3=14

A,=a+3d =17,A)=a+4d=20,A,=a+5d=23

Hence, the five arithmetic means between 8 and 26 are 11, 14, 17, 20 and 23.

SEN MR The 'n’, A. M's between 20 and 80 are such that the ratio of the first mean
and the last meanis 1: 3. Find the value of n.

Solution : Here, 80 is the (n+2)" term of the A. P., whose first term is 20. Let d be the
common difference.

60
80=20+ (n+2-1)d o, 80-20=(n+1)d or, d= a1
60  20n+20+60 20n+80

i =20+ = =
The first A. M. 1 1 1

60  80n+20
n+l  n+1

The last A. M. = 20+ n x
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20n+80 80n+20 n+4

1
+1  n+1 3 or, "3

We h
¢ have an+1

o, 4n+1=3n+120r, n=11
The number of A. M's between 20 and 80 is 11.

Q
WX CHECK YOUR PROGRESS 6.3

1.  Prove that if the number of terms of an A. P. is odd then the middle termis the A. M.
between the first and last terms.

2. Between 7 and 85, m number of arithmetic means are inserted so that the ratio of
(m =3)"and m" means is 11 : 24. Find the value of m.

3. Prove that the sum of n arithmetic means between two numbers is n times the single A.

M. between them.

4.  Ifthe A. M. between p"and g" terms ofan A. P., be equal and to the A. M. between r
and s terms of the A. P., then show thatp+q=r+s.

6.5 GEOMETRIC PROGRESSION

Let us consider the following sequence of numbers :

1) 1,2,4,8,16 2 31lli
(1) 1,248,186, - (),,3,9,27...
3 1,-3,9,-27, - (4) x, x3, x3, x4, ...

If we see the patterns of the terms of every sequence in the above examples each term s related
to the leading term by a definite rule.

For Example (1), the first termis 1, the second term is twice the first term, the third term is 22
times of the leading term.

1
Again for Example (2), the first termis 3, the second term s 3 times of the first term, third term

1
is 3—2 times of the first term.

Asequence with this property is called a gemetric progression.

A sequence of numbers in which the ratio of any term to the term which immediately precedes
is the same non zero number (other thanl), is called a geometric progression or simply G. P.
This ratio is called the common ratio.

Secondterm  Thirdterm
Firstterm  Secondterm "

Thus, is called the common ratio of the geometric

progression.
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Examples (1) to (4) are geometric progressions with the first term 1, 3, 1, x and with common
.51 .
ratio 2,5,—3 , and x respectively.

The most general form of a G. P. with the first terma and common ratio ris a, ar, ar? ar3, ...

6.5.1 GENERAL TERM

Let us consider a geometric progression with the first term a and common ratio r. Then its
terms are given by a, ar, ar?, ar?, ...

Inthis case, t, =a = ar"! t,=ar=ar*"

t,= ar’=ar®*! t,= ar’= ar+!

On generalisation, we get the expression for the n" termast =ar™ ... (A)
6.5.2 SOME PROPERTIESOFG. P.

() Ifallthetermsofa G. P. are multiplied by the same non-zero quantity, the resulting series
isalso in G. P. The resulting G. P. has the same common ratio as the original one.

Ifa,b,cd,..areinG.P.
then ak, bk, ck, dk ...arealsoinG.P.  (k#0)

@) Ifallthetermsofa G. P. are raised to the same power, the resulting series is also in G. P.
Leta, b,c,d...areinG. P.

the a*, b, c*, d¥, ... are also in G. P. (k#0)

The common ratio of the resulting G. P. will be obtained by raising the same power to the
original common ratio.

SEInlo HPA Find the 6" term of the G. P.: 4, 8, 16, ...

Solution : Inthis case the first term (a) =4 Commonratio (r) =8 +4=2
Now using the formula t = ar™*, we gett =4 x 21 =4 x 32 =128
Hence, the 6™ term of the G. P. is 128.

DETlXNER The 4™ and the 9" term of a G. P. are 8 and 256 respectively. Find the G. P.

Solution : Let a be the first term and r be the common ratio of the G. P., then
t,=ar*=ar*t, =ar*' = ar’

According to the question, ar® = 256 - (1)

and ar’=8 -~ (2)
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ar’ _ 256

3

or rr=32=2> -r=2
ar 8

8
Again from (2),ax2°=8 a=§=l
Therefore, the G.P.is 1, 2, 4, 8, 16, ...
SE NS \Which term of the G. P.: 5,-10, 20, - 40, ... is 320?

-10 _
5

Suppose that 320 is the n term ofthe G. P.

Solution : Inthiscase,a=5; I = -2,

Bythe formula,t =ar™*, we gett =5. (-2)™*

5. (-2)~t=320 (Given)
(-2 =64= (-2
n-1=6.. n =7 Hence, 320 is the 7" term of the G. P.

SENCXWER Ifa, b, ¢, and d are in G. P., then show that (a + b)?, (b + ¢)?, and (c + d)?
arealsoinG. P.

Solution. Sincea, b, c,andd areinG.P,, ... g = %
b?=ac, ¢*=hd, ad = bc (1)
Now, (a + b)? (c + d)? =[(a+b)(c+d)]2 = (ac + bc + ad + bd)?
= (b? + ¢ + 2bc)? ...[Using (1)]
=[(+0)’T

(c+d)° _(b+c)2 , , .
(b+c)> _(a+b)2 Thus, (a+ b)? (b +c)? (c+d)?areinG. P.

Q
WX CHECK YOUR PROGRESS 6.4

1
1.  Thefirst termand the common ratio ofa G. P. are respectively 3 and E Write down

the first five terms.
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2. Whichtermofthe G.P. 1, 2, 4, 8, 16, ... is 10247 1s 520 a term of the G. P.?

3. Three numbersare in G. P. Their sumis 43 and their product is 216. Find the numbers in
proper order.

4.  Then"termofaG. P.is2 x3"forall n. Find (a) the first term (b) the common ratio of the
G.P

6.6 SUM OF n TERMS OF A G. P.

Let adenote the first term and r the common ratio of aG. P. Let S represent the sum of first
n terms ofthe G. P. Thus, S =a+ar+arr+.. +ar?+art .. (1)

Multiplying (1) by r,we getrS =ar+ar’*+ ... +ar?+ar** +ar" ... (2)
1)-(2)=S,-rS =a-arorS (1-rn=a(l-r)

_a(l-r")
S, ==l ...(A)
_a(r"-1
=1 ....(B)

Either (A) or (B) gives the sum up to the n" termwhen r = 1. It is convenient to use formula
(A)when|r|<1land(B)when|r|>1.

SEN EREGR Find the sumofthe G.P.: 1, 3,9, 27, ... up to the 10" term.

3
Solution : Here the first term (a) = 1 and the common ratio (T) =1 =3

a(r"-1) 1(3°-1) 3°-1
———=, (- r>1)weget Sy, = =
—] ( ) We get Sy 3.1 2

Now using the formula, S, =

1
SEo] CNYA Find the sum of the G. P.: ﬁlﬁ , -+, 81

1
i . a=—47=,I= w/3 ==
Solution : Here, 3 and t 1=81

Now t =81 :% (\/§)n—1 _ (@)n_z

(f3)"2=3"=(y3)® ~.n-2=8or n=10
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1 10 10
B ()
SN 3-+/3

S Elo] NN Find the sum of the G. P.: 0.6, 0.06, 0.006, 0.0006, ---to n terms.

Solution. Here, a=0.6 = -~ and I = o0 = -
olution. Here, a=0.6 = ;an 06 10
a(l-r"
Using the formula S, = ( ) , We have [-- r<1]

R ACI A

o1 ol” 10") 3" 107
10
. .zpl_ik
Hence, the required sum is 3 ot

1
SE NI How many terms of the G. P.: 64, 32, 16, --- has the sum 12757

32 1 1 255
ion : a=64,r=—=—- S, =127—=—,
Solution : Here, 64 2 (<1)and >, 5= 5
a@@l-r"
Using the formula S, = (1 . ),weget
b b
s 2 2 255 (given)
nT T = = ...(given
11 11 2
2 2
1)'| 255 14" 255
128|1-| = | |=== 1_%’ _ £
o { (2” 2 77N T 256
PR S 1
OF MR "8 256 M2 - M7

Thus, the required number of terms is 8.
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SEN XA Find the sum of the following sequence :

2,22,222, ......... to nterms.
Solution : Let S denote the sum. Then
S=2+22+222+ ... tonterms =2 (1 + 11 + 111 + ... to nterms)

2
= 9 (9+99+999 + ... to nterms)

zg{(10—1)+(102 —1)+(1O3 —1)+ .ton terms)}

N

{(10—102 +10°+ ..ton terms)—(1+1+1+ ..ton terms)}

2 Q(10"-1)
"9 10-1 -n [-10-10% +10% +--- isa G P withr = —10<1]

2 Mlon_l—QnB =£(10”—1—9n)
81

9 9
S CIAAR Find the sum up to n terms of the sequence:
0.7,0.77,0.777, --.

Solution : Let S denote the sum, then
S=07+0.77+0.777+ ... to nterms
=7(0.1+0.11 +0.111 + ... to nterms)

7
=9 (0.9 +0.99 +0.999 + ... to nterms)

7
=9 {(1-0.1) + (1-0.01) + (1 -0.001) + --- to nterms}

7
=9 {(l+1+1+..nterms)—(0.1+0.01+0.001+ ... tonterms)}

7 1 1 1
=— n—(—+—2+—3+"'t0 ntermS)
9 10 10° 10
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CHECK YOUR PROGRESS 6.5

Find the sum of each of the following G. P's :

(a) 6,12, 24, ...to 10 terms (b))l -—,— <, —— ..to20 terms.

2. How manytermsofthe G. P. 8, 16, 32, 64, --. have their sum 8184 ?

bl —a’

3. Showthat thesumoftheG.P. a+b+...+1is b_a
4.  Find the sumof each of the following sequences up to nterms.
@ 8, 88, 888, ... () 0.2,0.22,0.222, ...

6.7 INFINITE GEOMETRIC PROGRESSION

So far, we have found the sum of a finite number of terms ofa G. P. We will now learn to find out

11
T

1
the sum of infinitely many terms of a G P such as. 1, '

1
We will proceed as follows: Here a =1, r = 7

1
Then"termofthe G.P.ist = = and sumto n terms
_1
I P 1
L.e., S = 1 _2(1 2”} =25 <2
1-=
2

So, no matter, how large n may be, the sum of n terms is never more than 2.

So, if we take the sumof all the infinitely many terms, we shall not get more than 2 as answer.
Also note that the recurring decimal 0.3 is really 0.3 + 0.03 + 0.003 + 0.0003 + ...

I.e., 0.3 is actually the sum of the above infinite sequence.
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On the other hand it is at once obvious that if we sum infinitely many terms of the G. P.
1,2,4,8, 16, ... we shall get a infiinite sum.

So, sometimes we may be able to add the infinitely many terms of G. P. and sometimes we may
not. We shall discuss this question now.

6.7.1 SUM OF INFINITE TERMS OFAG. P.
Let us consider a G. P. with infinite number of terms and common ratio r.
Case1l:Weassumethat|r|>1

The expression for the sum of n terms ofthe G. P. is then given by

_a(r"-1) _ar" . a

Sn
r-1 r-1 r-1

(A

Now as n becomes larger and larger r" also becomes larger and larger. Thus, when n is
infinitely large and | r | > 1 then the sum is also infinitely large which has no importance in
Mathematics. WWe now consider the other possibility.

Case?2:Let|r|<1

n

a(l-r") _a ar
1-r 1-r 1-r

Formula (A) can be writtenas S =

Now as n becomes infinitely large, r" becomes infinitely small, i.e.,asn — «, r"— 0, then

a
the above expression for sum takes the form S = 1—r

Hence, the sum of an infinite G. P. with the first term a and common ratio r is given by

§=_12 i
—ﬁ,when|r|<l (1)

. e 1 2 4 8
=S E (o) X8 Find the sum of the infinite G. P. 3' 9 27 81

_2
Solution : Here, the first term of the infinite G.P.is a = 3’ and 1 3
3
2

2
Here, |r| = —§=§<1
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a S =

Using the formula for sum S = 1_r Wehave

| =
|

+ lwlk
|

wl| N
gl

1-

—==F]
|
'_\

B

1
Hence, the sum of the given G. P. is E'
S0 [WER Express the recurring decimal g 3 as an infinite G. P. and find its value in
rational form.

Solution. g3 =0.3333333 ...
=0.3+0.03+0.003 +0.0003 + ....
3 3 3 3
=—+t—+——F+—+
10 10* 10° 10*

3
The above is an infinite G. P. with the firstterm a = 10 and 3 10
8 3
i a 03=-10__10 3 1
Hence, by using the formula S = 1_y We get 19 = 3 = 3
10 10

[

Hence, the recurring decimall 0.3= 3
SEInl] W28 The distance travelled (in cm) by a simple pendulum in consecutive seconds
are 16,12, 9, ... How much distance will it travel before coming to rest ?

Solution : The distance travelled by the pendulum in consecutive secondsare, 16, 12, 9, ... is
12
an infinite geometric progression with the first terma=16andr = 16 =7 <1

a

Hence, using the formula S= 1_r We have

1 .. Distance travelled by the pendulum is 64 cm.
4
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8
el XwEN The sum of aninfinite G, P. is 3 and sum of its first two terms is 3 Find the

first term.
Solution: In this problem S = 3. Let a be the first term and r be the common ratio of the given
infinite G P.

8
Then according to the question. a +ar = 3

o, 3a(l+r)=8 - (1)
s=—2 3=2
Also from 1 We have 5= 1_r
o, a=3(-r) - (2)
From (1) and (2), we get.
33(1-nN(@+n=8

1
rol-r’=—or r’==
or, 90, 9

1 1
From (2),a=3 (11 gJ: 2 or 4 accordingas I =+ 3

Q
\&" § CHECK YOUR PROGRESS 6.6

(1) Find the sum of each of the following inifinite G. P's :

1+l+l+i+...oo b E 3 2 3
@379 27 ®)

2. Express the following recurring decimals as an infinite G. P. and then find out their values
as a rational number. (a) 0.7 (b) 0.315

3. Thesumofaninfinite G. P. is 15 and the sum of the squares of the terms is 45. Find the
GP.

1 1
4.  The sumofaninfinite G. P. is § and the first term is Z . Find the G.P.
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6.8 GEOMETRIC MEAN (G. M.)

Ifa, G bareinG. P, then Gis called the geometric mean between a and b.

Ifthree numbersare in G. P, the middle one is called the geometric mean between the other two.
If aG,G,..,G,bareinGP,

then G, G, ... G arecalledn G. M.'s between a and b.

The geometric mean of n numbers is defined as the n root of their product.

Thus if a,a,..aaren numbers, then their

S

GM=(@,a,..a)

n

G b
Let G bethe G. M. betweenaand b, thena, G, bareinG. P -, E E

or, G?=abor, G=+ab

Geometric mean = \/ Product of extremes

Given any two positive numbers a and b, any number of geometric means can be inserted
betweenthem Leta, a, a,...,a_be n geometric means between aand b.

Thena,a, a, ... a,bisaG.P.

Thus, b being the (n + 2)" term, we have

b=ar

1

b b \ns1
or, I,.n+1 == or, r=|—
a a

1 2

b Jn+t b \n
Hence,a1=ar:a>< — ,azzarzzax_

a a

n

a =ar"=ax| —
a

Further we can show that the product of these n G. M.'s is equal to n™ power of the single
geometric mean between aand b.

Multiplyinga,. a,, ... a , we have
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1 2 n n(n+1)

e 1+2+---+n
bjml e o (E) W g0 E 2(n+1)
a

=a" ﬁgkz = (ab)? :d@i" =G" = (single G. M. between a and b)"

3 27
SEo] SRWAN Find the G. M. between 5 and o

Solution : We know that if a is the G. M. between a and b, then G = /ab

G M. between - and = [~ x 2 =
- M. between - and = IR

Insert three geometric means between 1 and 256.
Solution : Let G,, G,, G,, be the three geometric means between 1 and 256.
Thenl, G, G, G, 256 arein G. P.
If  rbethecommonratio, thent, =256 i.e, ar* =256 = 1. r*=256
o, r?=16or, r=+4
Whenr=4,G,=1.4=4,G,=1.(4)’=16and G, = 1. (4)° = 64
Whenr=-4,G,=-4,G,=(1) (-4)*=16and G, = (1) (-4)°=-64
G.M. between 1 and 256 are 4, 16, 64, or, — 4, 16, —64.

SenlolXewasl 14, 36, 324 are in G, P. insert two more numbers in this progression so that
it again formsa G. P.

Solution : G. M. between4 and 36 = /4 « 36 = /144 =12

G. M. between 36 and 324 = /36 x 324 = 6 x 18 = 108

If we introduce 12 between 4 and 36 and 108 betwen 36 and 324, the numbers
4,12, 36, 108, 324 forma G. P.

The two new numbers inserted are 12 and 108.

n+1 n+1

a b .
=gl CXewaR Find the value of n such that Taib may be the geometric mean between

aandb.
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. 11
Solution : Ifxbe G. M. betweena and b, then , _ .2, 2

n+l n+1 1 1 11
a" +b =a§ bE or a™ +pb™ =| a2 b2 (an +bn)
a"+b" ’

e i 11,0
o, a™+b™=a 2b2+a?b 20ha"-a 2. b2=a2b 2-p™

el f L L el
or, a *la*-b?J=»>b a

N[

1
n+=

1 1
-boor, g"a_p'2

N}

n+1—0 n=—
g TVOL TS

6.8.1 RELATIONSHIPBETWEENA. M. AND G.M.
Let aand b be the two numbers.
Let Aand G be the A. M. and G. M. respectively betweenaand b

A-G

A>G

SElo) RN The arithemetic mean between two numbers is 34 and their geometric mean
is 16. Find the numbers.

Solution : Let the numbers be a and b. Since A. M. between a and b is 34,

a+b
2
Since G. M. betweenaand b is 16,

=34, or, a+b=68 ~ Q)

Jab =16 or, ab = 256 we know that (a-b)?>=(a+b)>-4ab (2
= (68)? -4 x 256 = 4624 — 1024 = 3600
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a-b= /3600 =60 -+ (3)
Adding (1) and (3), we get, 2a=128 .. a=64

Subtracting (3) from (1), we get
2b=8 or, b=4

Required numbers are 64 and 4.

SElo] KN The arithmetic mean between two quantities b and c is a and the two
geometric means between themare g, and g,. Prove that g.* + g,> = 2 abc

b+c
Solution : The A. M. betweenbandcisa .. = a,or, b+c=2a
Againg, and g, are two G. M.'sbetweenbandc .. b, g, g, careinG.P.

1

If  rbethe common ratio, thenc=bror, r= ﬁ%‘b ’

2

1 z
cls c)3
g,=br= bﬁm‘ and g,=br*= b(Ej

2
e 3‘5 SCF ck 2 Fb”k
07 + 05 =" Mﬁbe B=b oAt =P

=bc (2a) [since b + ¢ = 2a]
= 2abc

el YA The product of first three terms ofa G. P. is 1000. If we add 6 to its second
term and 7 to its 3rd term, the three terms form an A. P. Find the terms of the G. P.

a

Solution : Let t, = ;

1, =aand t, = ar be the first three terms of G. P.

a
Then, their product = Laars 1000 or, a@®*=1000, or, a=10

By the question, t, t,+6,t,+ 7are inA. P. ..(1)

LR
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ie.

or,

or,

a
?,a+6, ar+ 7areinA.P.

(a+6)- % =(ar+7)-(a+6)or, 2(a+6)=%+(ar+7)

10
2(10+6) = " + (10r+7) [using (1)]
32r=10+10r*+7r or, 10r’-=25r+10=0

25+ /625-400 25+15
20 20

1
r = :21_
2

10
Whena =10, r = 2. then the terms are —, 10(2) i.e., 5, 10, 20

2

1 1
Whena =10, I = then the terms are 10(2), 10, 10 F—k ie., 20,10,5

2 2

Q
WX CHECK YOUR PROGRESS 6.7

1
Insert 8 G. M.'s between 8 and —

1. 64
2. Ifa isthe first of n geometric means between a and b, show that a,™*=a"b
. 1 1 1
3. IfGisthe G. M. betweenaand b, prove that Gl_a + G2 _b? = o
4.  Ifthe A. M. and G. M. between two numbers are in the ratio m : n, then prove that the
numbers are inthe ratio m + ,/m? = n? : m-.,/m? —=n?
5. IfAand G are respectvely arithmetic and geometric means between two numbers a and
b, then show that A> G.
i .13 ) . .
6.  The sum of first three terms ofa G. P. is I and their product is—1. Find the G. P.
7. The product of three terms of a G. P. is 512. If 8 is added to first and 6 is added to
second term, the numbers form an A. P., Find the numbers.

el L =T Us sum uP

A sequence in which the difference of two cousecutive terms is always constant (2 0) is
called an Arithmetic Progression (A. P.)
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e  ThegeneraltermofanA. P.

a,a+d,a+2d,..isgivenbyt =a+(n-1)d

e S the sum of the first n terms of the A.P a, a+d, a+2d,... is given by

° t =S-S5

n

:g[2a+(n—1)d]

n
> (@+1),wherel=a+ (n-1)d.

n-1

a+b

° An arithmetic mean betweenaand b is —.

2

e  Asequence in whichthe ratio of two consecutive terms is always constant (« 0) is called
a Geometric Progression (G. P.)

° Then"termofa G.P.: a, ar, ar?, ...isar"!

° Sum of the first nterms of a G. P.: a, ar, ar?, ... is

S =
" r-1

_ a(l-r")

a(r"-1
Mfor|r|>|

for|r|<1
1-r Il

° The sums of an infintite G. P. a, ar, ar?, ... is given by

a
S=—for|r|<1

1-r

e  Geometric mean G between two numbersaandbis \/ap

e  The arithmetic mean A between two numbers a and b is always greater than the
corresponding Geometric mean G i.e.,A>G.

&

SUPPORTIVE WEB SITES

http://Mmww.youtube.com/watch?v=_cooC3yG_p0
http://www.youtube.com/watch?v=pXo0bG4iAyg
http:/Aww.youtube.com/watch?v=dIGLhLMsy2U
http://www.youtube.com/watch?v=cYw4MFWsB6c
http://Aww.youtube.com/watch?v=Uy_L8tnihDM

http://www.bbc.co.uk/education/asguru/maths/13pure/03sequences/index.shtml
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Sl TERMINAL EXERCISE

e

> W

10.
11.

12.

13.

14.

Find the sum of all the natural numbers between 100 and 200 which are divisible by 7.

The sum of the first n terms of two A. P.'s are inthe ratio (2n—1) : (2n + 1). Find the ratio
of their 10" terms.

Ifa, b, careinA. P.thenshowthatb+c,c+a,a+barealsoinA.P.

Ifa,a, .., a areinA. P, then prove that

1 72!
1 1 1 1 n-1
+ + ot =
a1 aZ aZ a3 a3 a4 an—l an a1 an

If (b—c)? (c—a)? (a—b)*are inA. P., then prove that

1 1 1
b-c'c—a'a-b

, arealso inA. P.

If the p™, g and r" terms are P, Q, R respectively. Prove that

PQ-R)+Q(R-P)+r(P-Q)=0.

. 1 1 1 3, 3, A3
Ifa, b, carein G. P. then prove that a®b? ¢l —5 + 5+ sf =2 +b”+c

Ifa, b, c, dareinG. P, show that each of the following forma G. P. :

1 1 1
€)] (az— bz), (bz— Cz), (Cz— dz) (b) a2 +b2'b?+c?'c?-d>?

If X, y, zare the p™, g™ and r'" terms of a G. P., prove that x¢'y?z"4=1
Ifa, b,careinA. P.and x, y, zare in G. P. then prove that xX*¢y*2z¢° =1

Ifthe sum of the first n terms of a G. P. is represented by S , then prove that
S (S,,-S,)=(5,-S,)°

Ifp, g, rare in A. P. then prove that the p™, g™ and r" terms of a G. P. are also in G. P.
1 1 1
IfS =1+ PR TRIRT=E find the least value of n such that

2-5, <i
100

If the sumofthe first n termsof a G. P. is S and the product of these terms is p and the sum

S n
of their reciprocals is R, then prove that p* = EE&
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A

N

CHECK YOURPROGRESS 6.1
1. (a 2n-1 (b) 2n+1
4. no 5. m+n

CHECK YOUR PROGRESS 6.2

1. (a) 435 (b) 2[21—5n2]

4, 37 5 n®+9n,9

CHECK YOUR PROGRESS6. 3
2. 5
CHECK YOUR PROGRESS6. 4

- - th
1 2141 8116 2 11,n0
4. (a) 6 (b) 3
CHECK YOUR PROGRESS 6.5
2 1
1. (a) 6138 () 3 1—ﬁ
80 8n
=(10" —-1|l-—
4@ gt ; O

CHECK YOUR PROGRESS 6. 6

Ll el
@5 O .
10 20 40
3 5—, —,—,...®
3 9 27
g, +t 15
T4 74774340
CHECK YOUR PROGRESS 6.7
1111 1 4
l 41 T R R R R R | 6 -
2 4816 32 3
TERMINAL EXERCISE
1. 2107 2. 37:39
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2. 3,5,7,9, ... 3. 20, 16
6. 10, 6, 2,

2. 5 3. 12

6. 2a

3. 36,6,10r1,6,36

. 7. 4,8,16
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