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COMPLEX NUMBERS

Notes

We started our study of number systems with the set of natural numbers, then the
number zero was included to form the system of whole numbers; negative of natural
numbers were defined. Thus, we extended our number system to whole numbers and
integers.

To solve the problems of the type p+q we included rational numbers in the system of
integers. The system of rational numbers has been extended further to irrational numbers
as all lengths cannot be measured in terms of lengths expressed in rational numbers.
Rational and irrational numbers taken together are termed as real numbers. But the
system of real numbers is not sufficient to solve all algebraic equations. There are no
real numbers which satisfy the equation x>+1 = 0 or x> = — 1. In order to solve such
equations, i.e., to find square roots of negative numbers, we extend the system of real
numbers to a new system of numbers known as complex numbers. In this lesson the
learner will be acquinted with complex numbers, its representation and algebraic

operations on complex numbers.

r
| oBIECTIVES

After studying this lesson, you will be able to:

e describe the need for extending the set of real numbers to the set of complex
numbers;

e define a complex number and cite examples;
e identify the real and imaginary parts of a complex number;
e state the condition for equality of two complex numbers;

e recognise that there is a unique complex number x + iy associated with the point
P(x, y) in the Argand Plane and vice-versa;

e define and find the conjugate of a complex number;
e define and find the modulus and argument of a complex number;
e represent a complex number in the polar form;

e perform algebraic operations (addition, subtraction, multiplication and division) on
complex numbers;

e state and use the properties of algebraic operations ( closure, commutativity,
associativity, identity, inverse and distributivity) of complex numbers; and
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e state and use the following properties of complex numbers in solving problems:

(i) |z2l=0<z=0and z, =z, =|z,|=|z,|

i |=|-7=[ i) |z, +2,/<|2,|+ |2,
. z| [z

(iv) rAAESFARFA (v) AN (z, #0)

e to find the square root of a complex number.

EXPECTED BACKGROUND KNOWLEDGE

e Properties of real numbers.
e Solution of linear and quadratic equations
e Representation of a real number on the number line

e Representation of point in a plane.

8.1 COMPLEX NUMBERS

Consider the equation x?2 + 1 = 0. ..(A)
This can be written  as x2=-1lor x=+4-1

But there is no real number which satisfy x> = —1.In other words, we can say that
there is no real number whose square is — 1.In order to solve such equations, let us
imagine that there exist a number 'i* which equal to ./_1 .

In 1748, a great mathematician, L. Euler named a number 'i' as lota whose square is
— 1. This lota or 'i' is defined as imaginary unit. With the introduction of the new
symbol 'i', we can interpret the square root of a negative number as a product of a real
number with 1i.

Therefore, we can denote the solution of (A) as x = £ i
Thus, -4 = 4(-1)

V=4 = J(-D@4) =i*.2* =i2

Conventionally written as 2i.

So, we have -4 =2j J=7 =/Ti

J—4, /-7 are all examples of complex numbers.
Consider another quadratic equation: x> —-6x + 13 = 0
This can be solved as under:

(x-3)2+4=0o0r (x-3)*=-4

or, X—-3=x2ior,bx=3%2i
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Complex Numbers

We get numbers of the form x + yi where x and y are real numbers and i= ,/_1.

Any number which can be expressed in the form a + bi where a,b are real
numbers and i = ,/_1, is called a complex number.

A complex number is, generally, denoted by the letter z.

i.e. z=a+ bi, 'a' is called the real part of z and is written as Re (a+bi) and 'b' is
called the imaginary part of z and is written as Imag (a + bi).

Ifa=0and b = 0, then the complex number becomes bi which is a purely imaginary
complex number.

1. . .
=7i, oh J3iand ni are all examples of purely imaginary numbers.
If a=0 and b = 0 then the complex number becomes 'a' which is a real number.
5,25 and /7 are all examples of real numbers.

Ifa=0 and b =0, then the complex number becomes 0 (zero). Hence the real
numbers are particular cases of complex numbers.

el RMB Simplify each of the following using .

O i 254
Solution: (i) =36 = {/36(-1) = 6i

(i) 25.4/—4 = 5x2i= 10i

8.2 POSITIVE INTEGRAL POWERS OF i

We know that

i?=-1 P=ki=-Lli=-i

4= (2= (-1)2=1, "= (D2 =2Li=1i

i = (i?)° = (-1)° = -1, i = ()%(i) = i, i® = (?)* =1

Thus, we find that any higher powers of 'I' can be expressed in terms of one of four values
i, -1, -, 1

If nis a positive integer such that n>4, then to find i", we first divide n by 4.
Let m be the quotient and r be the remainder.

Thenn=4m +r. where 0 < r < 4,
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Thus, = 60 = fimr = ()7 = i (- i=1)

Note : For any two real numbers a and b, /3 x+/b =+/ab is true only when
atleast one of a and b is either 0 or positive.

If fact  /—a x+/—b
ivaxivb = i*+/ab

—Jab where a and b are positive real numbers.

Sl WA Find the value of 1 + i + 20+ ¥

Solution: 1 + i + j#+ ¥

=1+ (iz)s + (i2)10+ (i2)15 =1+ (_1)5 + (_1)10+ (_1)15
=1+ (-1)+1+(1)=1-1+1-1=0

Thus, 1 + i + 2 + ¥ = Q.

e CRFEN Express 8i° + 6i'° — 12i* in the form of a + bi

Solution: 8i® + 6i'® — 12i* can be written as 8(i?).i + 6(i*)® — 12(i?)°.i
= 8(=1).i + 6(=1)® — 12(=1)5.i = -8i + 6 — 12(-1).i
=-8i+6+ 12i=6 + 4i

which is of the form a + bi where 'a' is 6 and 'b' is 4.

Q
\ & § CHECK YOUR PROGRESS 8.1

1. Simplify each of the following using 'i'.
@ V=27 () -v-9 (¢ V-18

2. Express each of the following in the form of a + bi
(@ 5 (b) -3i (c) O

3. Simplify 108 + 6i** 12

4, Show that i™ + i™1 + ™2 + ™3 = (0 for all meN -

8.3 CONJUGATE OF A COMPLEX NUMBER

The complex conjugate (or simply conjugate) of a complex number z = a + bi is
defined as the complex number a — bi and is denoted by 7.

MATHEMATICS



Complex Numbers

Thus, if z=a + bi then 7 = a - bi.

Note : The conjugate of a complex number is obtained by changing the sing
of the imaginary part.

Following are some examples of complex conjugates:

() If z =2+ 3i, then 7 = 2 — 3i
(i) Ifz=1-, then 7 =1 +i
(iii) If z = -2 + 10i, then 7 = -2-10i

8.3.1 PROPERTIES OF COMPLEX CONJUGATES

(1) If z is a real number then z = Z i.e., the conjugate of a real number is the
number itself.

For example, let z = 5

This can be written as z = 5 + Qi
Z =5-0i =5, Z=5=7%.
(in) Ifzisapurely imaginary number then z= —z
For example, if z = 3i. This can be writtenas Z=0 + 3i
z=0-31 =-3i=-2
7 =-1
(iin) Conjugate of the conjugate of acomplex number isthe number itself.
e, (z)=2
For example, ifz=a+ bithen z =a—hi

Again 6:(a—bi) =a+bhi=z

(2)=z
='¢1lo] SRNN Find the conjugate ofeach ofthe following complex numbers:
()] 3-4i (i) (2+i)?

Solution : (i) Letz=3—4ithen z=(3—4i| =3+ 4i

Hence, 3 + 4iis the conjugate of 3—4i.
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Complex Numbers

MODULE-IIl | (i)  Let —z=(2+i)?

A|gebl’a-| ie. zZ= (2)2 + (I)Z + 2(2)(|) —4_1+4i =3+4i
Then Z= (3+4i) =3-4j
Notes Hence, 3 —4iis the conjugate of (2 + i)

8.4 GEOMETRICAL REPRESENTATION OF A COMPLEX NUMBER

Let z = a + bi be a complex number. Let two mutually P
perpendicular lines xox' and yoy' be taken as x-axis and y-axis
respectively, O being the origin. bat)

Let P be anypoint whose coordinatesare (a,b). We say that the

complex number z=a + bi is represented by the point P (a, b) x<—— >x
asshownin Fig. 8.1 | Fig. 8.1

y
Ifb=0, thenzisrealandthe point representing complex number A

z=a+ Oiisdenotedby (a, 0). This point (a, 0) liesonthe x-axis.

So, xox' is called the real axis. In the Fig. 8.2 the point
Q (a, 0) represent the complex number z=a + Oi.

X

. i i . . 0 Q(a0)
Ifa=0, thenzis purely imaginary and the point representing

complex number z = 0 + bi is denoted by (0, b). The point
(0, b) lies on the y-axis.

Fig. 8.2

S< <

R(0b)

So, yoy'is called the imaginaryaxis. In Fig.8.3, the point
R (0, b) represents the complex number z=0 + bi.

ogk——o—>

The plane of two axes representing complex numbersas points
is called the complex plane or Argand Plane. Fig. 8.3

<<

The diagramwhich represents complex number inthe Argand
Planeiscalled Argand Diagram.

Example 8.5 Y

4_.
Represent complex numbers 2 + 3i, —2-3i, 2-3i P(2,3)
R 31-. N
inthe same Argand Plane 5 :
Solution: (a) 2+3iis represented by the point 11
p (2, 3) " [T W > X
X 2 3 4
(b) —2-3iis represented by the point Q (—2,-3) -1t .
(c) 2-3iisrepresented by the point R (2, -3) P E R(2,-3)
Q(=2-3) y Fig. 8.4

186 MATHEMATICS



8.5 MODULUS OF A COMPLEX NUMBER

We have learnt that any complexnumberz=a

+bi can be represented by apoint inthe Argand )\/
Plane. How canwe find the distance ofthe point L .Pa.b)
from the origin? Let P(a, b) be a point in the T
planerepresenting a+ bi. Draw perpendiculars b .
PM and PL on x-axis and y-axis respectively. . l . R
Let OM =aand MP =b. We have to findthe ohe—a—m
distance of P fromthe origin.

v Fig. 8.5

. OP=OM? + MP?
a2+ p2

OP is called the modulus or absolute value of the complex number a + bi.

Modulus of any complex number z such that z=a + bi, acR, beR is denoted by

|z|andis givenby /32 4+ p2
|z|=|a+ib|= \[32 4+ p?

8.5.1 Propertiesof Modulus
(@ |z|=0 <z=0.
Proof: Letz=a+bhi, aecR,beR
then |z|=,a2+bp%.|z7l=0=a’+b*=0

& a=0and b =0 (since a? and b? both are positive), < z=0

(o) [7=7]

Proof : Let z=a+ bithen |Z|= /3% + b2

Now, z=a—bi .  |z=4/a’+(-b?) =+/a+b’
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Thus, |z|=+a?+b? =[z| (1)
© lz|=]|-z]

Proof : Letz=a+bithen|z|= /32 4 p2
—z=-a-bhithen |—Z|:\/(—a)2+(—b)2 = /a2 1 p?
Thus, |z|= V&’ +b* =| |

By (i) and (ii) it can be proved that | z | = |-z |=| Z |

(D))
..(ii)
Now, we consider the following examples:

SENlo] NN Find the modulus of z, —z and 7 where z=1 + 2i

Solution:z=1+2ithen-z=-1-2iand 7 =1-2i

|z|= V12 +2% =6, z|=+/(-1)? +(-2)* =5

and 2= +(-2)* =5
Thus, |z|=|-z|=~/5Z|

SE o WA Find the modulus of the complex numbers shown inan Argand Plane (Fig. 8.6)

Solution: (i) P(4, 3) represents the complex
number z=4+3i

N
V
1Z|= /42 +32 = 25 L.....p@d
or |z|=5 oA L] :
SD: . +QZ(I_4 2)representsthecomplexnumber X' < t—+— ﬂ;lo T2 é i
RLY dececee +5(3,-3)
7 =/(C4)2+2° = 16+4= V20 |
v F|g 8 6
or |Z| =245
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Complex Numbers

(i)  R(-1,-3) representsthe complex number z=-1-3i MODULE-III
Algebra-I

|Z]=(-1)% + (=3)2 =41+ 9

or |z|=+10

(v)  S(3, =3) represents the complex numberz =3 -3i Notes

|z]=/(3)* +(-3)* =/9+9

or |z|=+/18 =32

CHECK YOUR PROGRESS 8.2

Flnd the conjugate ofeach ofthe following:

(a)-2i (b)-5-3i (c) -2 (d) (=2 +i)?
2. Represent the following complex numberson Argand Plane :
@ ()2+0i (ii)-3+0i (i) 0—0i (iv) 3-0i
() ()o+2i (i)0-3i (iii) 4i (iv)-5i
(© (i) 2+5iand 5 + 2i (i) 3-4iand -4 + 3i
(i) -7+2iand2-7i (iv) -2-9iand -9 - 2i
@ @ l1+iand-1-i (i) 6+5iand—6-5i
(i) -3 +4iand 3-4i (iv) 4-iand-4+i
() (i) l+iand1-i (i) -3 +4iand-3-4i
(i) 6-7iand6 +7i (iv) -5—-iand-5+i
3. (a) Find the modulus offollowing complex numbers :

() 3 (i) (@(+1)2-1) (i) 2-3i (iv) 4+ /5
(b)  Forthefollowing complex numbers, verifythat |z|=| Z |
() -6+8i @@ =37

(© For the following complex numbers, verifythat|z|=|-Z |
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(i) 14 +i (i) 11-2i
(d) For the following complex numbers, verify that |z |= |-z |=]| Z |
()] 2-3i (i) —6 -1 @ 7-2i

8.6 EQUALITY OF TWO COMPLEX NUMBERS

Two complex numbersare equalifandonly if their real partsand imaginary partsare respectively
equal.

Ingenerala+bi=c+diifandonlyifa=candb=d.

=Enlo] CRRSM For what value of x and y, 5x + 6yi and 10 + 18i are equal?
Solution : Itis giventhat 5 x + 6yi=10 + 18i

Comparing real and imaginary parts, we have
5x=10 orx=2
and 6y=18 ory=3

Forx=2andy = 3, the given complex numbers are equal.

8.7 ADDITION OF COMPLEX NUMBERS

Ifz, =a+biand z,= c + diare two complex numbers then their sumz, + z, is defined by
z,+z,=(@+c)+(b+di
For example, ifz =2+ 3iand z, = —4 + 5i,

then z +z =[2+(-4)]+[3+5]i=-2+8i.

SECREN Simplify

(i) (3+2i) + (4-3i) (i) (2 +5i) + (=3-7i) + (1 -1i)
Solution: (i) 3+2i)+(4-3i)=(3+4)+(2-3)i=7-i
(i) (@+5)+(3-7)+(1-i)=(2-3+1)+(5-7-1)i=0-3i
or  (2+5i)+(-3-7i) + (1 -i) =-3i
8.7.1 Geometrical Represention of Addition of Two Complex Numbers
Let two complex numbers z, and z, be represented by the points P(a, b) and Q(c, d).

Theirsum, z, +z, is represented by the point R (a + ¢, b+ d) in the same Argand Plane.
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Join OP, OQ, OR, PR and QR.

Draw perpendiculars PM, QN,
RLfromP, Q, R respectvelyon
X-axis.

Draw perpendicular PKto RL

In AQON
Y
ON=c [
and QN = d. R(a+c, b+d)
InAROL In APOM Q(cg)///
RL=b+d PM=b
andOL=a+c OM=a P(ab) :
Also PK=ML=0L-OM 5 .
=a+c-a =c=0ON . N ML 7
RK=RL-KL=RL-PM Fig. 8.7

=b+d-b=d=0QN.

In AQON and ARPK,

ON = PK, QN = RK and ZQNO = ZRKP = 90°
AQON = ARPK
OQ=PRand OQ || PR

= OPRQ isaparallelogramand OR itsdiagonal.

Therefore, we can say that the sumoftwo complex numbers is represented by the diagonal of

aparallelogram.

SEJ RN Prove that |z, + 2, | < |z [+]Z,]

Solution: We have proved that the sumof
two complex numbers z, and z, represented
bythe diagonal ofaparallelogram OPRQ
(seefig. 8.8).

In AOPR, OR<OP + PR

X
or OR < OP+0Q (since OQ=PR)

or |21+Zz|5|21|+|22|

Y
(atc,b+d)
~
QC
P(ab)K
0 M L X
Y Fig. 8.8
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SECEHER Ifz =2 +3iand z,=1 +i,

verify that | z, +z,| <|z,|+|z,]|

Solution: z, =2 +3iand z,= 1 + irepresented by the points (2, 3) and (1, 1) respectively.
Theirsum (z, +z,) will be represented by the point (2+1, 3+1) i.e. (3, 4)

Verification

|z,| = V2% +3* = V13 = 3.6 approx.
|z,| = V1? +1* = V2 =1.41 approx.
2, +2,| =3 +4* =25 =5

|z, |+|z,|=3.6+141=501

lz,+z,|<|z,[+]z,]
8.7.2 Subtraction of Complex Numbers
Let two complex numbers z, =a + biand z, = ¢ + di be represented by the points (a, b) and
(c, d) respectively.

(z,)-(z,)=(@+bi)—(c+di)=(a-c)+(b-d)i

which represents a point (a—c, b—d)

The difference i.e. z—z, is represented by the point (a—c, b—d).

Thus, to subtractacomplex number fromanother, we subtract corresponding
realand imaginary parts separately.

Example 8.12 Rl ARy Mi}
z,=3-4i, z,=-3+T7i
Solution: z,-2,=(3-4i)-(-3+7i)=(3-4i)+(3-7i)
=(B3+3)+(-4-7)i=6+(-11i) =6-11i
What should be added to i to obtain 5 + 4i?
Solution: Letz =a+ bibe added to i to obtain 5 + 4i
i+ (a+bi)=5+4i
or, at((b+1)i=5+4i
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Equating realand imaginary parts, we have

a=5andb+1 =4 o0or b=3, .. z=5+3i isto be added to i to obtain 5 + 4i

8.8 PROPERTIES: WITH RESPECT TO ADDITION OF

COMPLEX NUMBERS.

1. Closure : The sumoftwo complex numbers will always be a complex number.

Let z =a +bhjiandz,=a, +b,, a, b,a,b,eR

Now, z +z,=(a +a)+ (b, +b,)iwhich isagainacomplex nu mber.

Thisprovesthe closure property of complex numbers.

2. Commutative : 1fz and z, are two complex numbers then
2,+2,=2,+12

Let z =a+bhjiandz,=a,+b,

Now z +z,=(a,+bi)+(a,+b,i)=(a +a)+ (b +b)i
=(a,+a)+(b,+b)i [commutative property of real numbers]
=(a,+bi)+(a,+bi)=2z+27

Le. z,+2,=2,+z,Hence, addition of complex numbers is commutative.

3. Associative

Ifz =a +bji, z,=a,+biandz, =a,+ b,iare three complex numbers, then
z,+(z,+2)=(z,+2)+z,

Now z +(z,+z)=(a, +bi)+{(a+b,i)+(a,+Db,i)}
= (a, + b,i) + {(a, + a) + (b, + b)i} = {a,+(a, + a)} + {b,+(b, + b)}i
={(a,+a)+ (b, +b)i} + (a,+ b,i) ={(a, + bji) + (a,+ b} + (a, + b,i)
= (z,+2)+z,

Hence, the associativity property holds good inthe case ofaddition of complex numbers.

4. Existence of Additive Identitiy
if z=a+ bi is any complex number, then (a + bi) + (0 + 0i) =a + bi

ie. (0 + 0i) iscalled the additive identity for a + ib.

5. Existence of Additive Inverse

For every complex number a + bi there exists a unique complex number —a — bi such that
(a+bi) +(-a—Dbi) =0+ 0i. -a - ib is called the additive inverse of a + ib.
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MODULE-IIl | Ingeneral, additive inverse ofacomplex number is obtained by changing the signs of real and
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imaginary parts.

Q
& ] CHECK YOUR PROGRESS 8.3

1. Simplify:
@ 2+ Jgij +05 - ﬁij (b) % + %
©  (L+i)—(1-6i) @ (V2-8i)-(-2-7i)
2. Ifz =(5+i)and z,= (6 + 2i), then:
(a)find z, +z, (b) find z,+ 2z, (©lsz +z,=2,+2?
(d)find z, -z, (e)find z,-z, NlIsz,-z,=2,-2?
3. Ifz =(1+i),z,=(1-1i)and z,= (2 + 3i), then:
(a) find z, +(z,+z,) (b) find (z,+2,) +2,
©lsz, +(z,+z)=(z,+2)+2? (d) findz, - (z,-z)
(e) find (z,-2) -z, NlIsz,-(z,-2)=(z,-2) -2
4. Find the additive inverse ofthe following:
(@ 12-7i (b)4-3i

What shoud be added to (-15 + 4i) to obtain (3-2i)?

Showthat ((3+ 7i) — (5+ 2i){ = (3+ 7i) — (5+ 2i)

8.9 ARGUMENT OF A COMPLEX NUMBER

194

Let P(a, b) represent the complex number

z=a+bi,aeR,beR,and OP makesanangle

0 with the positive direction of x-axis. Draw

PM 1L OX, Let OP=r

Inright AOMP,OM =3, MP =D
rcosd=a, rsin6=>b

Then z = a + bi can be written as

z=r(cosO+ising)  ..()

Y
AN

P(a,b)

Vi
vl

B

ok—a—M >X
v ;
v Fig. 8.9
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Complex Numbers
where r= /32 + p2 and tan0 = b or 0= taanE”
a + a a

(1) isknown asthe polar formofthe complex number z, and rand 0 are respectively called
the modulusand argument of the complex number.

8.10 MULTIPLICATION OF TWO COMPLEX NUMBERS

Two complex numbers can be multiplied by the usual laws ofaddition and multiplicationasis done
inthe case of numbers.

Let z =(a+bi)andz,=(c+di)then, z.z,= (a+bi).(c +di)
=a(c+di) + bi(c+di

or = ac + adi + bci + bdi?

or = (ac — bd) + (ad + be)i. [since iz =-1]

If (a+bi)and (c+ di)are two complex numbers, their product is defined as the complex

number (ac — bd) + (ad + bc)i

S Elglo] CRMYE Evaluate: (1 + 2i)(1 - 3i),

Solution:
1+2)(1-3)={1-(-6)}+(-3+2)i=7-i
8.10.1 Provethat
12,2,1= 12,12,

Letz =r (cosO, +isind,) and z,=r,(cosO, + isino,)

lz, |=r, \/cosz 0, +sin0, =1,

Similarly, lz,|=r,

Now, z, z,=r,(cos0O, +isind,).r,(coso,+isind,)
=r,r,[(cos0,cos0,—sino, sind,) + (coso,sind, + sind,coso, )]
=r,r,[cos(0, +0,) +isin (0, +0,)]

[Since cos(0, + 0,) = cos0,cos0, —sind,sin6, and
sin(0, + 0,) =sinB,cos0, + coso, sino, |

12,.2,|= rlrz\/cos2 (8, +0,) +sin*(0, +0,) =11,
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|21.2,|= 11, =|z4].|z,]
and argumentofz z, =0, +0, =arg (z))+arg(z,)
Find the modulus of the complex number (1 + i) (4 - 3i)
Solution: Letz=(1+1) (4-3i)
then |z|=|(+i)(4-3i)
=@+ ] (4-30)| (since [z,2,= |z, Iz,))

But [1+i|= 12412 = J2.14-3i|= /4> +(-3)? =5
|z|=+/25=5{2

8.11 DIVISION OF TWO COMPLEX NUMBERS

Division of complex numbers involves multiplying both numerator and denominator
with the conjugate of the denominator. We will explain it through an example.

Let z, =a+biand z,=c+di, then.

4 a+b! (c+di=0)

o
z, c+di

a+bi _ (atbhi)(c-di)
c+di ~ (c+di)(c—di)

(multiplying numeratorand denominator with the conjugate ofthe denominator)

_ (ac+bd)+(bc—ad)i
B c?+d?

a+bi _ ac +bd +bc—ad.
c+di c?+d* c?+d?

SETlo] CRNIN Divide 3+i by 4-2i

Soluti 340 (3+1)(4+2i)
olution: 77 = (4=2i)(4+2i)

Thus,

Multiplying numerator and denominator by the conjugate of (4 —2i) we get

MATHEMATICS
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10+10i 1 1.

= ==+Zi

20 2 2

Th 3+i 1+1i

us, - ==+ —

4 —2i

8111 P thtEl__LZl_|

.11.1 Prove tha =
Z,| |z,]

Proof: z =r (cos0, +ising,), z,=r,(cos0, +isind,)

|z,|= rl\/cos2 9, +sin0, =1,
Similarly, lz,|=T,

and  arg(z,)=0, andarg(z,)= 0,

z, ry(cosO, +1isin0d,)

MODULE-III
Algebra-|

Then. 7 I, (cosh, +isin®,)
_ I, (cosd, +isind,)(cosh, —isino,)
r, (cosd, +isin,)(cosd, —isin6,)
_ I, (cos, cosB, —icosb, sinb, +isinb, cosh, +sind,sino,)
r, (cos® 6, +sin®0,)
=%[(c0301 cos 0, +sin6,sind, ) +i(sin 6, cos 6, —cos 6, sin 6, ) |
2
~ L [cos(, ~6,) +isin(6, - 0,)]
2
_|zon “o)remo _en-n -l
Thus, == VoS’ (6, =6,) +sin*(6, ~0,) = )
Llog -0
Argument of 2|1 =arg(z,)-arg(z,)
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Complex Numbers
) 2+1
=SeEl X MYA Find the modulus of the complex number P

) 2+1
Solution : Letz= ?

2+1

Z|l=
14=1555

_ N2+ 51 1
Feoay w0 g

8.12 PROPERTIES OF MULTIPLICATION OF TWO COMPLEX
NUMBERS

1.Closure Ifz =a+biand z,=c+dibe two complex numbers then their product z,z, is also
acomplex number.

2. Cummutative Ifz, =a+biand z, = ¢ + di be two complex numbers thenz.z,=zz..
3. Associativity If z = (a+bi), z,=c+di and z, = (e + fi) then
z(z,2,)=(z,2) .z,

4. Existence of Multiplicative Identity: For everynon-zero complexnumber z, =a+ bithere
existsa unique complex number (1 + 0i) such that

(@+bi).(1+0i)=(1+0i) (a+bi)=a+bi
Let z =x+yibe the multipicative identityofz=a+biThen z.z =z.
ie. (a+bhi)(x+yi)=a+hi
or (ax—by) + (ay + bx)i=a + bi
or ax—by=aanday+bx=b
pr x=1andy=0,ie z =x+yi=1+0iisthe multiplicative identity.
The complex number 1 + Oiisthe identity for multiplication.

5. Existenceof Multiplicativeinverse: Multiplicative inverse isacomplex number that when
multiplied to a given non-zero complex munber yields one. In other words, for every
non-zero complex number z =a+ bi, there exists a unique complex number (x + yi) such that
their productis (1 +0i).i.e.  (a+bi) (x+yi)=1+0ior (ax—by) + (bx +ay)i=1+0i

Equating real and imaging parts, we have

MATHEMATICS
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ax—by=1andbx+ay=0

Bycross multiplication

yY_ 1 = ox=_2 _

Re(z) b Im(z)

l — = y:
a_ -b a+b’ a’+b? | 37 a7

Thus, the multiplicative inverse of anon-zero compelxnumber z=(a+bi) is

Xty =[Re(z)_ Im(z)ijzi

2 )

=S el CRMER Find the multiplication inverse of 2 —4i.

Solution: Let 7z =2—4j Wehave, z=2 +4iand|zf* = ‘22 + (-4)2‘ =20

: o oz _ 2+4 _ 1 1,
Required multiplicative inverse is |z|2 20 105

6. Distributive Property of Multiplication over Addition

Let
Then

r
A

1.

1

#CHECK YOUR PROGRESS 8.4

z,=a +bi, z,=a+bji andz,=a +b,i

Z1(22 + 23) = Z122 + Z123

Simplifyeach ofthe following:

@ (@+2)2-i) © (2 +i)’ (©) B+D)AL-D(1+0)
(d) 2+3i) =(1-20) (e)(1+2i)=(1+i) (fF)(Q+0i)=(3+7i)
Compute multiplicative inverse ofeach ofthe following complex numbers:

3+5i
2-3i

(a) 3 4i (b) /3 +7i (©)

Ifz =4+3i, z,=3-2iandz,=i+5,verifythatz (z,+z)=22,+2z2,

Ifz, =2+i,z,=-2+iandz,=2-ithen verify that (z,.2,)z,=z,(z,.,)

i

MODULE-III
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8.13 SQUARE ROOT OF A COMPLEX NUMBER

Let a + ib be a complex number and x + iy be its square root

ie., Ja+ib = x+iy
= a+ib= x% -y 2ixy

Equating real and imaginary parts we have

X -y?>=a ...(1)
and 2xy = b ..(2)
Using the algebraic identity (x* + y?)? = (x* — y?)? + 4x%y? we get

(¢ +y?)? =a® + b? = x* + y* = [a? 1 p? --(3)

From equations (1) and (3), we get

2x2 = yJa? +b? +a:>x:i\/%(,/a2+b2 +a)
' ()

and 2y® =va’ +b? —a:>y=i\/%(\/a2+b2 —a)
’

Out of these four pairs of values of x and y (given by equation (4) we have to choose the
values which satisfy (1) and (2) both.

From (2) if b is + ve then both x and y should be of same sign and in that case
Ja+ib = \/%(\/az 07 +a) +i\/%(\/a2 b7 —a)
and —\/%(\/az 17 +a) —i\/% (a2 +b? —a)

and if b is —ve then x and y should be of opposite sign. Therefore in that case

\/aT:—\/%(\/az b +a) +i\/%(\/b2 0% —a)

and \/%(\/m+a)_i\/%(\/m—a)

Hence a + ib has two square roots in each case and the two square roots just differ in sign.

SEglo]CRMEY Find the square root of 7 + 24i
Solution : Let /7+24i =a+ib ..(1)
Squaring both sides, we get 7 + 24i = a> — b? + 2 iab

MATHEMATICS
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Comparing real and imaginary parts, we have a2 — b2 = 7 ..(2)
and 2 ab =24 = ab =12 ..(3)

Now (a® +b?)? = (a® —b?)? + 4a%b?

= (a®+b%)’ =49+4x144

= (a®+b%)? =625

= a2+Dbh?2=25 ~(4)

Solving (2) and (4), we get 2a2=32 => a®?=16 > a=+4

and 2b? =18 => b2 =9 = b =+3

From (3), ab = 12 which is +ve = a and b should be of same sign
Eithera=4,b=30or=-4,b=-3

Hence, the two square roots of 7 + 24i are 4 + 3i and — 4 -3i

S Eglo]SRWAN  Find the square root of — i

Solution : Let /i =a+ib

= —i=a?-b%+2iab (1)
Equating real and imaginary parts of (1), we get a2 — b2 =0 ..(2)
and2ab=-1= ab = —% ..(3)

Now, (a2 + b?)? = (a% - b?)? + 4a?h? = 0+4[%] =1

= at+bh?=1 ..(4)

1 1
2 2 - = -4 =
From (2) and (4), 2bc=1=0Db > =b >

and 2a%=1= a’ —£:>a +—

Nz3

Equation (3) suggests; that a and b should be of opposite sign therefore two square roots of

1 i 1 i
—-iare —=——= and ——=+—7
BN RN RN RN

Q
A& CHECK YOUR PROGRESS 8.5

Find the square root of the following complex numbers :

() -21 - 20i (i) -4 - 3i (i) —48 —14i

MODULE-III
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MODULE-III p—
Algebra-l || &)
\sZdl | ET US SUM UP
° z = a+ biisacomplex number in the standard formwherea,b e Randi= /1.
—° Any higher powers of 'i' can be expressed in terms of one of the four valuesi, -1, —i, 1.
S

Conjugate of a complex number z =a + bi is a— bi and is denoted by 7.

Modulus of a complex number z=a+biis \/a® + b? i.e. |z|=|a + bi|= v/a? + b?

@]z]=0 <2z=0 ) lz]=]7] © [2.+2,| <[z]+[2,]

z =r (cos6 + i sinB) represents the polar form of a complex number z = a + bi where

. afbl .
r=./a% + p? ismodulusand 6 = tan ng" isitsargument.

Z
Multiplicative inverse of a complex numberz=a+ bi is _| z|2

Square root of a complex number is also a complex number.

Two square roots of a complex number only differ in sign.

e\ SUPPORTIVE WEB SITES

http://Amww.youtube.com/watch?v=MEuPzvhOroM
http://Aww.youtube.com/watch?v=kpywdulafas
http://www.youtube.com/watch?v=bPgB9aluk_8
http://Amww.youtube.com/watch?v=SfbjgWQIjk
http:/Aww.youtube.com/watch?v=tvXRaZbljO8
http://Amww.youtube.com/watch?v=cWn6g8Qqvs4
http:/AMww.youtube.com/watch?v=Z8j5RDOibV4
http://www.youtube.com/watch?v=dbxJ6LD0344

@
Sl TERMINAL EXERCISE

1. Findrealandimaginary parts of each ofthe following:

@)2+7i  (b)3+0i (c)—% (d) 5i © 53
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2.

10.

11.

12.

13.
14.
15.

Simplifyeach ofthe following:

(@) J-3.4/-27 (b) V-3-4./-72 (c) 3i -5+ 1
Formthe complex numbers whose real and imaginary partsare giveninthe formof ordered
pairs.

(a) z(3,-5) (b) z(0,-4) (c) z(8, m)

Find the conjugate ofeach ofthe following:

@1-2i  (0)-1-2i (c)6- 2i (d)4i (e)-4i

Find the modulus ofeach ofthe following:

3. .

(a) 1-i (b) 3 + i (©) =1 (d) =2 +/3i
Express 7it" — 6i° + 3i* — 2i? + 1 in the form of a + bi.
Find the values of xand yif:

@ (x-yi)+7-2i=9-i (b)2x+3yi=4-9i (c)x-3yi=7+09i
Simplifyeach ofthe following:

o oG

(@ @+i)-(1-)+(-1+i) (b) | 7 7 -

Write additive inverse and multiplicative inverse ofeach ofthe following:

1+5i
@3-7  O11-2  ©3+2 D1-2i @7

Find the modulus ofeach ofthe following complex numbers:
el (b)5+—2i 3+2))(1-i) (d)(1-3i) (-2 +i*+3
@ 35 L2+43 ©@+2)(1-n () (1-3)(-2F+F+3)
For the following pairs of complex numbers verify that | 2.z, | =z, ]| z, |
(@) z,= 3-2i,z,=1-5i (b)z=3-/7i.2,= 3 —i
o Y 21 B 21
For the following pairsof complexnumbers verify that 2|~ 12,
2 2
(@ z,=1+3i, z,=2+5i (b)z,=-2+5i, z,=3-4i

Find the square root of 2 + 3i
Find the square root of —2+ 2J-3.
Find the square root of i.
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Complex Numbers

A
0
CHECK YOUR PROGRESS 8.1
1 (3 3/3i (b)-3i (©) V13i
2. (@ 5+0i (b) 0-3i (c)0+0i
3. 12-4i
CHECK YOUR PROGRESS 8.2
1 (@2i (b)-5+3i (c) -2 (d) 3+4i
2. @ p 3O EO) @060
1 E % 1>
y
0,4
) £ (0, 4)
0, 2)
X \ IO ————¢ X
(0, -3)
(0, -5)
\y.
MATHEMATICS
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(© y
N
(2,5)
|
(-4,3) C
(=7.2) = | (52
I Y A
Q2NN NN TR NAENTANN S I R X
[ 1 1 -
(9.2 T T~ Tl
| ___rJ(&—q
T
| I
| '__(21—7)
(-2-9)— -
v
(d)
y
/N
(6, 5)
-3 — -~
( 4}_ 4 I
|
4,1, _1_ _T 1_1) I
X | R T R > X
LT TG
| | I
(-6-5)— — — — -
¥
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Complex Numbers

y
/N
(6.7)
I
(e) (-3,4) B I
T
| 1
sp,. 11| »
R >
R e S AR Y i
I =
151
4T |
______ _(6,-7)
¥
3. (@ ()3 (i) Vio (i) V13 (iv) V21
CHECK YOUR PROGRESS 8.3
' - 1, .
L (@ W2+ 5| +EE 2] (b) 5 (6+1)
() 7i (d) V2(v2+1)+(7-3)
2. (@) 11 + 3i (b) 11 + 3i  (c) Yes
(d) -1 -1 ()1 +i (Hh No
3. €)] 4 + 3i (b) 4 + 3i (c) Yes
(d 2 +5i () —2-i (f No.
4. (@ -12+ 7i (b)) -4+ 3i
5. 18 - 6i
CHECK YOUR PROGRESS 8.4
1. () 9\/5 + 2j + 62\/5 - 1ji (b) 1+ 24/2i
MATHEMATICS
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. MODULE-III
() -2+ 6i (d) E(—4+ 7i) Algebra-|
1 . 1 .
e B+ ®  ——(3-7i) 7ffix
2 58 Notes
1 . 1 .
2. (@) 2—5b3 + 4|g (b) S_Z(ﬁ —7i)
1 .
© §Zb—9-19@
CHECK YOUR PROGRESS 8.5
. . . ) 1 3.-1 3.
() 2-5i,-2 +5i (ii) TIE—JELU?+:EJ

@@ 1-7i,-1+7i

TERMINAL EXERCISE

1. €)] 2,7 (b) 3,0

© -30 (@ 05
2 3

©®© 13713

2. (@ -9 (b)  —12./6i
(c) -4 - 3j

3. (3 3-G5i () 0 - 4i
(c) 8+ i

4. @ 1+2i () -1+ 2i

© 6+42i (@) 4

(e) 4i

MATHEMATICS 207
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MODULE-III
5. b 2
Algebra-| @ V2 (®) I+
3
@, © @ V7
Notes 6. 9 + 4i

7. @) Xx=2, y=-1 (b) X=2,y=-3
(©) XxX=7,y=-3

8. (@ 1+3i (b) §+0i

1 . .1 .
9. (@ -3+7i, §(S+7l) (b)  -11+2i, ES(—11+ 2i)
©) —J§—2i,$(J§—2i) d -1+42i, %(1+ﬁi)
.1 .
(e) 2—3I,E(2+3I)

(b) %JrTs

10. (8

1
5
© 26 d 45

o (L

14. 1+/3i,-1-/3i

H

i+ii -1 _ii
SN RN RN RN
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