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geus izkÑr la[;kvksa ls la[;kvksa ds fudk; dk v/;;u izkjaHk fd;k] rnqijkar iw.kZ la[;kvksa dk
fudk; cukus ds fy,] muesa 'kwU; dks lfEefyr fd;k rFkk vxys pj.k esa _.kkRed la[;k,¡ ifjHkkf"kr
dh x;haA bl izdkj] geus vius la[;k&fudk; dk iw.kZ la[;kvksa rFkk iw.kk±dksa rd foLrkj fd;kA

p q÷  ds :i okyh leL;kvksa ds lek/kku gsrq geus iw.kk±dksa ds fudk; esa ifjes; la[;kvksa
dks lfEefyr fd;kA ifjes; la[;kvksa ds fudk; dks vkxs vifjes; la[;kvksa rd c<+k;k x;k]
D;ksafd lHkh yEckb;ksa dk ifjes; la[;kvksa }kjk ekiuk laHko ugha FkkA ifjes; rFkk vifjes; la[;kvksa
dks feykdj okLrfod la[;k,¡ dgk x;kA fdUrq okLrfod la[;kvksa dk fudk; lHkh chtxf.krh;
lehdj.kksa dks gy djus ds fy, i;kZIr ugha gSA ,slh dksbZ okLrfod la[;k ugha gS tks lehdj.k
x2 = – 1 dks lUrq"V dj ldsA ,slh leL;kvksa dks gy djus ds fy,] vFkkZr _.kkRed la[;kvksa
ds oxZewy Kkr djus ds fy,] ge okLrfod la[;kvksa ds fudk; dks vkxs ,d u;s la[;k&fudk;
rd ys tkrs gSa ftls lfEeJ la[;kvksa dk fudk; dgk tkrk gSA bl ikB esa] f'k{kkFkhZ dks lfEeJ
la[;kvksa] muds fu:i.k rFkk mu ij chtxf.krh; lafØ;kvksa ls voxr djk;k tk;sxkA

 mís';mís';mís';mís';

bl ikB ds v/;;u ds ckn vki fuEufyf[kr es a leFk Z gk s tk,¡xs%bl ikB ds v/;;u ds ckn vki fuEufyf[kr es a leFk Z gk s tk,¡xs%bl ikB ds v/;;u ds ckn vki fuEufyf[kr es a leFk Z gk s tk,¡xs%bl ikB ds v/;;u ds ckn vki fuEufyf[kr es a leFk Z gk s tk,¡xs%

• okLrfod la[;kvksa ds leqPp; dk lfEeJ la[;kvksa ds leqPp; rd foLrkj djus
dh vko';drk dks crkuk

• lfEeJ la[;k dks ifjHkkf"kr djuk rFkk mlds mnkgj.k nsuk

• fdlh nh gqbZ la[;k ds okLrfod rFkk dkYifud Hkkxksa dks igpkuuk

• nks lfEeJ la[;kvksa ds leku gksus ds izfrcU/k dks crkuk

• bl rF; dks tkuuk rFkk igpkuuk fd vkWjxaM ry esa fcUnq P(x, y) ls lac)
,d vf}rh; lfEeJ la[;k x + iy gS ,oe foykser% izR;sd lfEeJ la[;k x +

iy ls lac) vkWjxaM ry esa ,d vf}rh; fcUnq P(x, y) gS

• ,d lfEeJ la[;k ds la;qXeh dks ifjHkkf"kr djuk rFkk Kkr djuk

• ,d lfEeJ la[;k ds ekikad ¼fujis{k eku½ rFkk dks.kkad dks ifjHkkf"kr djuk rFkk
Kkr djuk

• ,d lfEeJ la[;k dks /kzqoh; :i esa iznf'kZr djuk

8
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• lfEeJ la[;kvksa esa chtxf.krh; lafØ;kvksa ¼;ksx] ?kVk] xq.kk rFkk Hkkx½ dk mi;ksx

djuk

• chtxf.krh; lafØ;kvks a ds xq.kks a ¼xq.k/keks ±½ ¼lao`rrk] Øefofues;rk] lgpkfjrk]

rRled] foykse ,oa forj.krk½ dks crkuk ,oa mudk mi;ksx djuk

• leL;kvksa ds gy djus eas lfEeJ la[;kvksa ds fuEufyf[kr xq.kksa dks crkuk ,oa

mudk mi;ksx djuk

(i) | | 0 0z z= ⇔ =  vkSj 1 2 1 2z | | | |z z z= ⇒ =

(ii) z z z= − = (iii) 1 2 1 2| z | | | | |z z z+ ≤ +

(iv)        z1. .z z z2 1 2= (v)
11

2

2 2

, ( 0)
zz

z
z z

= ≠

• lfEeJ la[;kvksa dk oxZewy Kkr djuk

 iwoZ Kku iwoZ Kku iwoZ Kku iwoZ Kku
• okLrfod la[;kvksa ds xq.k

• jSf[kd ,oa f}?kkr lehdj.kksa ds gy

• okLrfod la[;kvksa dk la[;k&js[kk ij fu:i.k

• ,d ry esa fcUnqvksa dk fu:i.k

 8.1 lfEeJ la[;k,¡lfEeJ la[;k,¡lfEeJ la[;k,¡lfEeJ la[;k,¡

 lehdj.k x2 + 1 = 0 ...(A) ij fopkj dhft,A

bls fy[kk tk ldrk gS% x2 = –1 vFkok 1x −+=

fdUrq ,slh dksbZ okLrfod la[;k ugha gS tks x2 = – 1 dks lUrq"V djrh gksA nwljs

'kCnks a es a] ge dg ldrs gSa fd ,slh dksbZ okLrfod la[;k ugha gS ftldk oxZ

– 1 gksA ,sls lehdj.kksa dks gy djus ds fy,] vkb, ge dYiuk djsa fd ,d la[;k

‘i’ gekjs la[;k fudk; esa gS tks 1−  ds cjkcj gSA

o"kZ 1748 esa] egku xf.krK ,y- vkW;yj us la[;k ‘i’ dks vk;ksVk (Iota) uke fn;k]

ftldk oxZ –1 gSA bl vk;ksVk vFkok ‘i’ dks dkYifud bdkbZ ds :i esa ifjHkkf"kr

fd;k x;kA u;s ladsr fpUg ‘i’ ds ysus ls] ge _.kkRed la[;kvksa ds oxZewy dks

,d okLrfod la[;k rFkk ‘i’ ds xq.kuQy ds :i esa izdV dj ldrs gSaA

vr,o] ge lehdj.k (A) ds gy dks x = ± i ds :i esa iznf'kZr dj ldrs gSaA

bl izdkj]     – 4 = 4(–1)

      ∴ − = − = =4 1 4 2 22 2( )( ) .i i

bls ijEijkxr :i esa 2i fy[kk tkrk gSA

bl izdkj] ge izkIr djrs gSa% − =4 2i,       7 7i− =
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          − −4 7,  lfEeJ la[;kvksa ds mnkgj.k gSaA

      ,d vU; f}?kkr lehdj.k x2 –6x + 13 = 0 ij fopkj dhft,A

bls fuEufyf[kr :i esa gy fd;k tk ldrk gS%

(x –3)2 + 4 = 0 ;k] (x –3)2

 
= – 4

;k]       x – 3 = ± 2i ;k] x = 3 ± 2i

gesa x + yi ds :i okyh la[;k,¡ izkIr gksrh gSa ftuesa x rFkk y okLrfod la[;k,¡ gSa

rFkk i = −1  gSA

dksbZ Hkh la[;k] ftlsdksbZ Hkh la[;k] ftlsdksbZ Hkh la[;k] ftlsdksbZ Hkh la[;k] ftls a + bi ds :i esa izdV fd;k tk ldrk gks] tcfd

a rFkk b okLrfod la[;k,¡ ,oa i = −1  gks] ,d lfEeJ la[;k dgykrh gSA

izk;% ,d lfEeJ la[;k dks v{kj z }kjk fufnZ"V fd;k tkrk gSA vFkkZr~ z = a +

bi, 'a' dks z dk okLrfod Hkkx dgk tkrk gS] ftls Re (a+bi) fy[kk tkrk gS rFkk

b dks z dk dkYifud Hkkx dgk tkrk gS ftls Im (a + bi) fy[kk tkrk gSA

;fn a = 0 rFkk b ≠ 0 gks] rks lfEeJ la[;k bi gks tkrh gS] tks fd ,d iw.k Zr%

dkYifud lfEeJ la[;k gSA –7i, 
1

2
i , 3    i iπ• • • •  iw.kZr% dkYifud la[;kvksa ds mnkgj.k gSaA

;fn a ≠ 0  rFkk b = 0 gks] rks lfEeJ la[;k 'a' gks tkrh gS] tks fd ,d okLrfod la[;k gSA

5, 2.5 rFkk 7  lHkh okLrfod la[;kvksa ds mnkgj.k gSaA

;fn a = 0 rFkk b = 0 gks] rks lfEeJ la[;k 0 ¼'kwU;½ gks tkrh gSA vr% okLrfod

la[;k,¡ lfEeJ la[;kvksa dh fo'ks"k n'kk,¡ gSaA

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 8.1.  'i' dk mi;ksx djrs gq,] fuEufyf[kr esa ls izR;sd dks ljy dhft,%

(i) −36 (ii) 25 4. −

 gy% gy% gy% gy% (i) −36 = 36 1( )−  = 6i    (ii) 25 4. −  = 5 × 2i = 10i

8.2 i dh /kukRed iw.kk ±dh; ?kkrs s adh /kukRed iw.kk ±dh; ?kkrs s adh /kukRed iw.kk ±dh; ?kkrs s adh /kukRed iw.kk ±dh; ?kkrs s a

ge tkurs gSa fd

i2 = –1, i3 = i2.i = –1.i = –i, i4 = (i2)2 = (–1)2 = 1, i5 = (i2)2.i = 1.i = i

i6 = (i2)3 = (–1)3 = –1, i7 = (i2)3(i) = –i, i8 = (i2)4 =1

bl izdkj] ge ns[krs gSa fd 'i' dh fdlh Hkh cM+h ?kkr dks pkj ekuksa i, –1, –i rFkk

1 esa ls fdlh ,d ds :i esa O;Dr fd;k tk ldrk gSA

;fn n ,d ,slk /kukRed iw.kk±d gS fd n > 4 gS, rks in dks Kkr djus ds fy, ge igys

n dks 4 ls Hkkx nsrs gSaA ml n'kk esa] eku yhft, fd m HkkxQy rFkk r 'ks"k feyrk

gSA rc]

    n = 4m + r       tgk¡ 0 ≤  r < 4 gSA
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bl izdkj]

in = i(4m+r) = i4m.ir = (i4)m.ir = ir (Q i4=1)

fVIi.kh% fVIi.kh% fVIi.kh% fVIi.kh% fdUgh nks okLrfod la[;kvk s afdUgh nks okLrfod la[;kvk s afdUgh nks okLrfod la[;kvk s afdUgh nks okLrfod la[;kvk s a a rFkkrFkkrFkkrFkk b ds fy,]ds fy,]ds fy,]ds fy,] a b ab× =

dsoy mlh n'kk es a lR; gksxk tcfd dsoy mlh n'kk es a lR; gksxk tcfd dsoy mlh n'kk es a lR; gksxk tcfd dsoy mlh n'kk es a lR; gksxk tcfd a rFkkrFkkrFkkrFkk b esa ls de ls de ,desa ls de ls de ,desa ls de ls de ,desa ls de ls de ,d
'k wU; vFkok /kukRed gk sA'k wU; vFkok /kukRed gk sA'k wU; vFkok /kukRed gk sA'k wU; vFkok /kukRed gk sA

okLro esa]     − × −a b  = i ia b×  = 2i ab

     = − ab , tgk¡ a rFkk b /kukRed okLrfod la[;k,¡ gSaA

 mnkgj.k mnkgj.k mnkgj.k mnkgj.k 8.2.   1 + i10 + i20 + i30 dk eku Kkr dhft,A

 gy% gy% gy% gy%     1 + i10 + i20 + i30

= 1 + (i2)5 + (i2)10 + (i2)15 = 1 + (–1)5 + (–1)10 + (–1)15

= 1 + (–1) + 1 + (–1) = 1 – 1 + 1 –1 = 0

   bl izdkj]   1 + i10 + i20 + i30 = 0

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 8.3. 8i3 + 6i16 – 12i11 dks a + bi ds :i esa O;Dr dhft,A

gy %gy %gy %gy %       8i3 + 6i16 – 12i11 dks fy[kk tk ldrk gS%

      8(i2).i + 6(i2)8 – 12(i2)5.i

= 8(–1).i + 6(–1)8 – 12(–1)5.i = –8i + 6 – 12(–1).i

= –8i + 6 + 12i = 6 + 4i

tks a + bi ds :i esa gS] tgk¡ 'a' = 6 rFkk 'b' = 4

    ns[kas vkius fdruk lh[kk 8.1

1.  'i' dk mi;ksx djrs gq,] fuEufyf[kr esa ls izR;sd dks ljy dhft,%

(a) − − − −27                  (c)  13 ( )b 9

2. fuEufyf[kr esa ls izR;sd dks a + bi ds :i esa O;Dr dhft,%

(a) 5     (b) –3i    (c)  0

3. ljy dhft,% 10i3 + 6i13 –12i10

4. lHkh m N∈ ds fy,] fn[kkb, fd% im + im+1 + im+2 + im+3 = 0

 8.3 ,d lfEeJ la[;k dk la;qXeh,d lfEeJ la[;k dk la;qXeh,d lfEeJ la[;k dk la;qXeh,d lfEeJ la[;k dk la;qXeh

fdlh lfEeJ la[;k z = a + bi dk lfEeJ la;qXeh ¼vFkok dsoy la;qXeh½ a – bi ds

:i esa ifjHkkf"kr fd;k tkrk gS rFkk z  ds }kjk fufnZ"V fd;k tkrk gSA

   bl izdkj] ;fn z = a + bi, rks z  = a – bi

fVIi.kh% fVIi.kh% fVIi.kh% fVIi.kh% fdlh lfEeJ la[;k es a mlds dkYifud Hkkx ds fpUg dks cnyfdlh lfEeJ la[;k es a mlds dkYifud Hkkx ds fpUg dks cnyfdlh lfEeJ la[;k es a mlds dkYifud Hkkx ds fpUg dks cnyfdlh lfEeJ la[;k es a mlds dkYifud Hkkx ds fpUg dks cny
n su s ls mldk la; qXeh i zkIr gk srk gSAn su s ls mldk la; qXeh i zkIr gk srk gSAn su s ls mldk la; qXeh i zkIr gk srk gSAn su s ls mldk la; qXeh i zkIr gk srk gSA
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uhps dqN lfEeJ la;qfXe;ksa ds mnkgj.k fn, x, gSa%

(i) ;fn z = 2 + 3i gks] rks z  = 2 – 3i

(ii) ;fn z = 1–i gks] rks z  = 1 + i

(iii) ;fn z = –2 + 10i gks] rks z  = –2–10i

8.3.1 lfEeJ la;qfXe;ks a ds xq.klfEeJ la;qfXe;ks a ds xq.klfEeJ la;qfXe;ks a ds xq.klfEeJ la;qfXe;ks a ds xq.k

(i) ;fn z ,d okLrfod la[;k gS] rks z = z ] vFkkZr~ ,d okLrfod la[;k dk la;qXeh

Lo;a og la[;k gh gksrh gSA mnkgj.kkFkZ] eku yhft, z = 5 bls fy[kk tk ldrk

gS%

z = 5 + 0i ∴ z  = 5 – 0i = 5 ∴ z = 5 = z

(ii) ;fn  z  ,d iw.kZr% dkYifud la[;k gS] rks z= z−

mnkgj.kkFkZ] ;fn z = 3i gS] rks bls fy[kk tk ldrk gS%

  z = 0 + 3i ∴ z  = 0 – 3i  = –3i = – z ∴ z  = – z

(iii) fdlh lfEeJ la[;k ds la;qXEkh dk la;qXeh Lo;a og la[;k gh gksrh gSA vFkkZr~ (z )= z

        mnkgj.kkFkZ]    ;fn z = a + bi gS] rks z  = a – bi

   iqu% (z) (a bi)= −  = a + bi = z

      (z) = z∴

mnkgj.kmnkgj.kmnkgj.kmnkgj.k  8.4.   fuEufyf[kr lfEeJ la[;kvksa esa ls izR;sd dk la;qXeh Kkr dhft,%

(i) 3 – 4i (ii) (2 + i)2

 gy% gy% gy% gy%

(i) eku yhft, fd z = 3 – 4i rc] z 3 4i= −d i = 3 + 4i

vr%]  3 – 4i dk la;qXeh 3 + 4i gSA

(ii) eku yhft,  z = (2 + i)2  gSA

vFkkZr~] z = (2)2 + (i)2 + 2(2)(i) = 4 – 1 + 4i = 3 + 4i

rc]   z ( )= 3 + 4i  = 3 – 4i vr%] (2 + i)2 dk la;qXeh 3 – 4i gSA

 8.4 ,d lfEeJ la[;k dk T;kferh; fu:i.k,d lfEeJ la[;k dk T;kferh; fu:i.k,d lfEeJ la[;k dk T;kferh; fu:i.k,d lfEeJ la[;k dk T;kferh; fu:i.k

eku yhft, fd  z = a + bi  ,d lfEeJ la[;k gSA eku yhft, nks
ijLij yEc js[kkvksa XOX' rFkk YOY' dks Øe'k% x-v{k rFkk y-v{k
fy;k x;k gS ftudk mHk;fu"B fcUnq O ewyfcUnq gSA • • • • • • • •• • • • • • • •• • • • • • • •• • • • • • • •

xx′

y′

y

P( )a, b

O
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eku yhft, fd P dksbZ fcUnq gS ftlds funsZ'kkad (a,b) gSaA ge dgrs

gSa fd lfEeJ la[;k z = a + bi dks fcUnq P (a , b) }kjk fu:fir fd;k

tkrk gS] tSlk fd fp=k 8.1 esa n'kkZ;k x;k gSA

;fn b = 0 gks] rks z ,d okLrfod la[;k gksxh rFkk lfEeJ la[;k
z = a + 0i dks fu:fir djus okyk fcUnq (a, 0) }kjk fufnZ"V fd;k

tk;sxkA ;g fcUnq (a, 0) x-v{k ij fLFkr gSA

blfy, XOX' dks okLrfod v{k dgk tkrk gSA fp=k 8.8 esa] fcUnq

Q (a, 0) lfEeJ la[;k z = a + 0i dks fu:fir djrk gSA

;fn a = 0 gks] rks z ,d iw.kZr% dkYifud la[;k gksxh rFkk lfEeJ
la[;k z = 0 + bi dks fu:fir djus okys fcUnq dks (0, b) ls fufnZ"V
fd;k tk;sxkA fcUnq (0, b) y-v{k ij fLFkr gSA

blfy,  YOY' dks dkYifud v{k dgk tkrk gSA fp=k 8.8 esa] R
(0,b) lfEeJ la[;k  z = 0 + bi dks fu:fir djrk gSA

lfEeJ la[;kvksa dks fcUnqvksa ds :i esa fu:fir djus okys nks v{kksa ds ry dks lfEeJ ry vFkok
vkWjxaM ry dgk tkrk gSA

tks vkjs[k vkWjxaM ry esa lfEeJ la[;k dks fu:fir djrk gS] mls vkWjxaM vkjs[k dgk tkrk gSA

mnkgj.k mnkgj.k mnkgj.k mnkgj.k 8.5. lfEeJ la[;kvksa  2 + 3i, –2–3i rFkk 2–3i  dks ,d gh vkjxaM vkWjs[k esa

fu:fir dhft,A

gy%gy%gy%gy%

(a) 2+3i dks fu:fir djus okyk fcUnq P (2, 3) gSA

(b) –2–3i dks fu:fir djus okyk fcUnq Q (–2,–3) gSA

(c) 2–3i dks fu:fir djus okyk fcUnq
R (2, –3) gSA

 8.5 ,d lfEeJ la[;k dk ekikad,d lfEeJ la[;k dk ekikad,d lfEeJ la[;k dk ekikad,d lfEeJ la[;k dk ekikad

geus ns[kk fd fdlh Hkh lfEeJ la[;k dks

vkjxaM ry esa ,d fcUnq ds }kjk fu:fir fd;k

tk ldrk gSA ml fcUnq dh ewyfcUnq ls nwjh ge

dSls Kkr djsaxs\ eku yhft, fd ry esa a + bi

dks fu:fir djus okyk fcUnq P(a, b) gSA x-v{k

rFkk y-v{k ij Øe'k% yEc PM rFkk PL [khafp,A

eku yhft, fd OM = a rFkk OL = MP = b gesa ewyfcUnq ls P dh nwjh Kkr djuh gSA

2 2
OP OM MP∴ = +  2 2

a b= +

• • • • •• • • • •• • • • •• • • • • 8.2

• • • • •• • • • •• • • • •• • • • • 8.3

xx′

y′

y

Q( )a, 0O

a

xx′

y′

y

R(0 ), b

O

b

fp=k 8.4

x′ x

x

x′
Q(–2, –3)

R(2, –3)

O 1 2 3 4

4

3

2

1

P(2, 3)
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OP dks lfEeJ la[;k a + bi dk ekikad vFkok fujis{k eku dgk tkrk gSA

∴ fdlh lfEeJ la[;k z, tcfd  z = a + bi, a∈R, b∈R gS] dk ekikad

     | z | }kjk fufnZ"V fd;k tkrk gS rFkk a b2 2
+

ds cjkcj gksrk gSA

∴ | z | = | a + ib | = a b2 2
+

8.5.1 ekikad ds xq.kekikad ds xq.kekikad ds xq.kekikad ds xq.k

(a) | z | = 0  ⇔ z = 0

miifÙk% miifÙk% miifÙk% miifÙk% eku yhft, fd  z = a + bi,  a∈R , b∈R gSA rc] | z |  = a b2 2
+

| |z a b= ⇔ + =0 02 2

⇔ a = 0 vkSj b = 0 ¼D;ksafd a2 rFkk b2 nksuksa /kukRed gSa½ ⇔ z = 0

(b) | | | |z z=

miifÙk% miifÙk% miifÙk% miifÙk% eku yhft, fd  z = a + bi gSA rc] | z | = a b2 2
+

vc] z a bi= − ∴ = + − = +| | ( )z a b a b2 2 2 2

bl izdkj] | z | = a b z2 2
+ =| |          ...(i)

(c) | z | = | –z |

miifÙk% miifÙk% miifÙk% miifÙk% eku yhft, fd  z = a + bi gSA rc  | z | = 2 2
a b+

∴ – z = – a – bi gSA rc]  | –z | = 2 2( ) ( )a b− + −  = 2 2
a b+

bl izdkj] | z | = 2 2
a b+  = | –z |         ...(ii)

mi;qZDr (i) vkSj (ii) ls fl) fd;k tk ldrk gS fd

| z | = | – z | = |  z |        ...(iii)

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 8.6.    ;fn   z = 1 + 2i] rc z, – z rFkk z  ds ekikad Kkr dhft,A

 gy% gy% gy% gy% z = 1 + 2i gSA rc]  –z = –1–2i rFkk z  = 1 –2i

2 2| | 1 2 5z = + = , | | ( ) ( )− = − + − =z 1 2 52 2

rFkk | | ( ) ( )z = + − =1 2 52 2

bl izdkj] | | | | 5 | |z z z= − = =

• • • • •• • • • •• • • • •• • • • • 8.5

y

P( )a, b

xx′

y′

L

b

a MO
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mnkgj.kmnkgj.kmnkgj.kmnkgj.k 8.7.  vkjxaM ry (fp=. 8.6) esa fn[kkbZ xbZ lfEeJ la[;kvksa ds ekikad Kkr dhft,A

gy%gy%gy%gy%      (i) P(4, 3) lfEeJ la[;k   z = 4 + 3i

dks fu:fir djrk gSA

2 2| | 4 3 25

| | 5

z

z

∴ = + =

=• • • • •

(ii) Q(– 4, 2)  lfEeJ la[;k

z = – 4 + 2i dks fu:fir djrk gSA

( )
2 24 2 16 4 20z∴ = − + = + =

vFkok 2 5z =

(iii) R (–1, –3) lfEeJ la[;k z = –1 – 3i dks fu:fir djrk gSA

2 2| | ( 1) ( 3) 1 9

| | 10

z

z

∴ = − + − = +

=• • • • •

(iv) S(3,  –3) lfEeJ la[;k z = 3 –3i dks fu:fir djrk gSA

2 2| | (3) ( 3) 9 9

| | 18 3 2

z

z

∴ = + − = +

= =• • • • •

        ns[kas vkius fdruk lh[kk 8.2

1. fuEufyf[kr esa ls izR;sd dk la;qXeh Kkr dhft,%

(a) –2i (b) –5 –3i (c) − 2 (d) (–2 + i)2

2. fuEufyf[kr lfEeJ la[;kvksa dks vkjxaM ry esa fu:fir dhft,%
(a) (i) 2 + 0i (ii) –3 + 0i (iii) 0 – 0i (iv) 3 – 0i

(b) (i) 0 + 2i    (ii) 0 – 3i         (iii) 4i (iv) –5i

(c) (i) 2 + 5i rFkk 5 + 2i       (ii)   3 – 4i rFkk – 4 + 3i

(iii) –7 + 2i  rFkk 2 –7i       (iv)   –2 – 9i rFkk – 9 – 2i

(d) (i) 1 + i rFkk –1 – i       (ii)    6 + 5i rFkk – 6 – 5i

(iii) –3 + 4i rFkk 3 –4i      (iv)    4 – i rFkk – 4 + i

(e) (i) 1 + i rFkk 1 – i      (ii)  – 3 + 4i rFkk – 3 – 4i

(iii) 6 – 7i rFkk 6 + 7i      (iv)   –5 – i rFkk – 5 + i

y

Q(–4, 2)

P(4, 3)

x′ x

–4 –3 –2 –1 1 2 3 4

S(3, –3)
R(–1, –3)

y′

O

• • • • •• • • • •• • • • •• • • • • 8.6
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3. (a)  fuEufyf[kr lfEeJ la[;kvksa ds ekikad Kkr dhft,%

(i) 3 (ii)      (i + 1)(2 – i)    (iii)        2 – 3i     (iv)   4 5 i+

(b) fuEufyf[kr lfEeJ la[;kvksa ds fy, lR;kfir dhft, fd  | z | = | z  |

(i) – 6 + 8i (ii) –3 –7i

(c) fuEufyf[kr lfEeJ la[;kvksa ds fy, lR;kfir dhft, fd  | z | = | –z|

(i) 14 + i (ii)  11 – 2i

(d) fuEufyf[kr lfEeJ la[;kvksa ds fy, lR;kfir dhft, fd| z | = | – z | = | z  |

(i) 2 – 3i (ii) –6 – i (iii) 7 – 2i

 8.6 nks lfEeJ la[;kvksa dh lerknks lfEeJ la[;kvksa dh lerknks lfEeJ la[;kvksa dh lerknks lfEeJ la[;kvksa dh lerk

nks lfEeJ la[;k,¡ cjkcj gksaxh ;fn vkSj dsoy ;fn muds okLrfod Hkkx rFkk dkYifud
Hkkx vyx&vyx ijLij cjkcj gkssaA O;kid :i esa] a + bi = c + di gksxk ;fn vkSj dsoy

;fn a = c rFkk b = d gksA

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 8.8.      x rFkk y  ds fdu ekuksa ds fy,] lfEeJ la[;k,¡ 5x + 6yi rFkk 10 + 18i leku

gksaxh\

gy%gy%gy%gy%       ;g fn;k gS fd 5 x + 6y i = 10 + 18i

okLrfod rFkk dkYifud Hkkxksa dh rqyuk djus ij] ge izkIr djrs gSa%

5x = 10 vFkok x = 2 rFkk 6y = 18 vFkok y = 3

 x = 2 rFkk y = 3 ds fy, nh gqbZ lfEeJ la[;k,¡ leku gSaA

8.7   lfEeJ la[;kvksa dk ;ksxlfEeJ la[;kvksa dk ;ksxlfEeJ la[;kvksa dk ;ksxlfEeJ la[;kvksa dk ;ksx

;fn z
1
 = a + bi rFkk z

2
 = c + di nks lfEeJ la[;k,¡ gSa] rks mudk ;ksx

z
1
 + z

2
 = (a + c) + (b + d)i }kjk ifjHkkf"kr fd;k tkrk gSA mnkgj.kkFkZ]

;fn z
1
 = 2 + 3i rFkk z

2
 = –4 + 5i rks z

1
 + z

2
 = [2 + (–4)] + [3 + 5]i  = – 2 + 8i

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 8.9.  ljy dhft,%

(i) (3 + 2i) + (4 –3i) (ii) (2 + 5i) + (–3 –7i) + (1 – i)

gy%gy%gy%gy% (i) (3 + 2i) + (4 – 3i) = (3 + 4) + (2 – 3)i = 7 _ i

(ii) (2 + 5i) + (–3 – 7i) + (1 – i) = (2 – 3 + 1) + (5 – 7 – 1) i = 0 – 3i

vFkok] (2 + 5i) + (–3 – 7i) + (1 – i) = –3i
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8.9.1 nks lfEeJ la[;kvksa ds ;ksx dk T;kferh; fu:i.knks lfEeJ la[;kvksa ds ;ksx dk T;kferh; fu:i.knks lfEeJ la[;kvksa ds ;ksx dk T;kferh; fu:i.knks lfEeJ la[;kvksa ds ;ksx dk T;kferh; fu:i.k

eku yhft, fd nks lfEeJ la[;k,¡  z
1 
rFkk z

2
 fcUnqvksa  P(a, b) rFkk Q(c, d) }kjk fu:fir gksrh

gSaA mlh vkjxaM ry esa mudk ;ksx  z
1
 + z

2
 fcUnq R (a + c, b + d) }kjk fu:fir gksrk gSA

OP, OQ, OR, PR rFkk QR dks feykb,A

fcUnqvksa  P, Q, R ls x-v{k ij Øe'k% yEc PM, QN, RL [khafp,A

RL ij yEc PK [khafp,A

∆QON esa] ON = c  rFkk QN = d  gSA

∆ROL rFkk ∆POM esa]

RL = b + d PM = b

OL = a + c rFkk OM = a

lkFk gh] PK = ML

= OL – OM = a + c – a = c = ON

     RK = RL – KL = RL – PM = b + d – b = d = QN

∆QON rFkk ∆RPK esa]

ON = PK, QN = RK rFkk ∠QNO = ∠RKP = 90o

∴ ∆QON  ≅  ∆RPK

∴ OQ = PR rFkk OQ || PR

⇒ OPRQ ,d lekUrj prqHkqZt gS rFkk OR mldk fod.kZ gSA vr%] ge dg ldrs

gSa fd lfEeJ la[;kvksa dk ;ksx ,d lekUrj prqHkqZt ds fod.kZ }kjk fu:fir gksrk gSA

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 8.10.  fl) dhft, fd  | z
1
 + z

2
 | < | z

1
 | + | z

2
 | gSA

gy%gy%gy%gy%    geus fl) fd;k gS fd nks lfEeJ la[;kvksa
z

1
 rFkk z

2
 dk ;ksx ,d lekUrj prqHkqZt

OPRQ (fp=k 8.11 nsf[k,) ds fod.kZ }kjk
fu:fir gksrk gSA

∆OPR esa] OR< OP + PR

vFkok] OR <  OP + OQ  (D;ksafd OQ = PR )

vFkok] | z
1
 + z

2
 | < | z

1
 | + | z

2
 |

Y

Q( )c, d

R( )a + c, b + d

K

XX′

O N M L

P( )a, b

Y′

• • • • •• • • • •• • • • •• • • • • 8.7

Y

Q( )c, d

R( )a + c, b + d

K

XX′

O N M L

P( )a, b

• • • • •• • • • •• • • • •• • • • • 8.8
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mnkgj.k mnkgj.k mnkgj.k mnkgj.k 8.11.    ;fn  z
1
 = 2 + 3i rFkk

    z
2
 = 1 + i  gks] rks lR;kfir dhft, fd   | z

1
 + z

2
 |  < | z

1
 | + | z

2
 |

gy%gy%gy%gy% z
1
 = 2 + 3i rFkk z

2
 = 1 + i Øe'k% fcUnqvksa (2, 3) rFkk (1, 1) }kjk fu:fir fd;s tkrs

gSaA mudk ;ksx  (z
1
 + z

2
) fcUnq (2+1, 3+1), vFkkZr~ (3, 4) }kjk fu:fir gksxkA

lR;kiulR;kiulR;kiulR;kiu   2 2

1z = 2 + 3 = 13 = 3.6  yxHkx   2 2

2z = 1 +1 = 2 = 1.41  yxHkx

z z 3 4 25 51 2

2 2
+ = + = = , | z

1
 | + | z

2
 | = 3.6 + 1.41 = 5.01

∴ | z
1
 + z

2
 | < | z

1
 | + | z

2
 |

8.7.2 lfEeJ la[;kvksa dk ?kVkuklfEeJ la[;kvksa dk ?kVkuklfEeJ la[;kvksa dk ?kVkuklfEeJ la[;kvksa dk ?kVkuk

eku yhft, fd nks lfEeJ la[;k,¡ z
1
 = a + bi rFkk z

2
 = c + di Øe'k% fcUnqvksa  (a, b) rFkk

(c, d) }kjk fu:fir gksrh gSaA

∴ ( z
1
 ) – ( z

2 
) = (a + bi) – (c + di) = (a – c) + (b – d)i

tks fcUnq  (a – c, b – d) dks fu:fir djrh gSA

∴ vUrj] vFkkZr~ z
1
– z

2
 fcUnq (a – c, b – d) }kjk fu:fir gksrk gSA bl izdkj] ,d

lfEeJ la[;k esa ls nwljh la[;k ?kVkus ds fy,] ge laxr okLrfod rFkk dkYifud Hkkxksa
dks vyx & vyx ?kVkrs gSaA

 mnkgj.kmnkgj.kmnkgj.kmnkgj.k 8.12.    z
1
 – z

2
 Kkr dhft, ;fn%

z
1
 = 3 – 4i, z

2
 = –3 + 7i

gy%gy%gy%gy% (a) z
1
 – z

2
 = (3 – 4i) – (–3 + 7i) = (3 – 4i) + (3 – 7i)

= (3 + 3) + (– 4 – 7)i = 6 + (–11i)   = 6 – 11i

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 8.13.     5 + 4i izkIr djus ds fy,] i esa dkSu&lh la[;k tksM+h tk;sxh\

gy%gy%gy%gy%  eku yhft, fd]  z = a + bi dks i esa tksM+us ls 5 + 4i izkIr gksxhA

∴ i + (a + bi) = 5 + 4i vFkok] a + (b + 1)i = 5 + 4i

okLrfod ,oe~ dkYifud Hkkxksa dks lerqY; djus ij] gesa izkIr gksrk gS% a =5 rFkk b + 1  =

4  vFkok  b = 3

∴ i esa z = 5 +3i  tksM+us ij 5 + 4i izkIr gksxhA PROPERTIES: WITH

 8.8  lfEeJ la[;kvksa ds ;ksx ds lanHkZ esa xq.k lfEeJ la[;kvksa ds ;ksx ds lanHkZ esa xq.k lfEeJ la[;kvksa ds ;ksx ds lanHkZ esa xq.k lfEeJ la[;kvksa ds ;ksx ds lanHkZ esa xq.k

1.  laojd xq.k%laojd xq.k%laojd xq.k%laojd xq.k%    nks lfEeJ la[;kvksa dk ;ksx lnk ,d lfEeJ la[;k gksxhA

eku yhft, z
1
 = a

1
 + b

1
i  rFkk z

2
 = a

2
 + b

2
i, tgka a

1
, b

1
, a

2
, b

2
 ∈R



168

   lfEeJ la[;k,¡

xf.kr

ekWM~;wy - III

chtxf.kr-I

fVIi.kh

vc] z
1
 + z

2
 = (a

1
 + a

2
) + (b

1
 + b

2
)i gS] tks iqu% ,d lfEeJ la[;k gSA

blls lfEeJ la[;kvksa dk laojd xq.k fl) gks tkrk gSA

2.  Øefofues; xq.k%Øefofues; xq.k%Øefofues; xq.k%Øefofues; xq.k%    ;fn z
1 
rFkk z

2
 nks lfEeJ la[;k,a gSa] rks z

1
 + z

2
 = z

2
 + z

1

eku yhft,               z
1
 = a

1
 + b

1
i rFkk z

2
 = a

2
 + b

2
i

vc] z
1
 + z

2
 = (a

1
 + b

1
i) + (a

2
 + b

2
i) = (a

1
 + a

2
) + (b

1
 + b

2
)i

= (a
2
 + a

1
) + (b

2
 + b

1
)i              [okLrfod la[;kvksa dk Øefofues;

xq.k]

= (a
2
 + b

2
i) + (a

1
 + b

1
i) = z

2
 + z

1

vFkkZr~ z
1
 + z

2
 = z

2
 + z

1
  vr,o] lfEeJ la[;kvksa dk ;ksx Øefofues; gSA

3.  lkgp;Z xq.klkgp;Z xq.klkgp;Z xq.klkgp;Z xq.k

;fn z
1
 = a

1
 + b

1
i,   z

2
 = a

2
 + b 

2
i rFkk z

3
 = a

3
 + b

3
i rhu lfEeJ la[;k,¡ gksa] rks

z
1
 + (z

2
 + z

3
) = (z

1
 + z

2
) + z

3

vc] z
1
 + (z

2
 + z

3
)

= (a
1
 + b

1
i) + {(a

2
 + b

2
i) + (a

3
 + b

3
i)} = (a

1
 + b

1
i) + {(a

2
 + a

3
) + (b

2
 + b

3
)i}

= {a
1
+(a

2
 + a

3
)} + {b

1
+(b

2
 + b

3
)}i = {(a

1
 + a

2
) + (b

1
 + b

2
)i} + (a

3
 + b

3
i)

= {(a
1
 + b

1
i) + (a

2
 + b

2
i)} + (a

3
 + b

3
i) = (z

1
 + z

2
)+z

3

vr,o] lfEeJ la[;kvksa ds ;ksx esa lkgp;Z xq.k ykxw gksrk gSA

4. ;ksx ds rRled ;ksx ds rRled ;ksx ds rRled ;ksx ds rRled (Identity) vo;o dk vfLrRo vo;o dk vfLrRo vo;o dk vfLrRo vo;o dk vfLrRo

;fn z = a + bi dksbZ lfEeJ la[;k gS] rks

(a + bi) + (0 + 0i) = a + bi

vFkkZr~ (0 + 0i), a + ib ;ksT; rRled gSA

5. ;ksT; O;qRØe ¼izfrykse½ dk vfLrRo;ksT; O;qRØe ¼izfrykse½ dk vfLrRo;ksT; O;qRØe ¼izfrykse½ dk vfLrRo;ksT; O;qRØe ¼izfrykse½ dk vfLrRo

izR;sd lfEeJ la[;k a + bi ds fy, ,d ,slh vf}rh; lfEeJ la[;k –a – bi dk vfLrRo gS]

rkfd

(a + bi) + (–a – bi) = 0 + 0i  gksA –a –ib dks a + ib dk ;ksT; O;qRozQe dgrs gSaA

O;kid :i esa] ,d lfEeJ la[;k dk ;ksT; izfrykse mlds okLrfod rFkk dkYifud Hkkxksa ds
fpUg cnyus ls izkIr gksrk gSA
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  ns[ksa vkius fdruk lh[kk 8.3

1. ljy dhft,% (a) ( ) ( )2 5 5 2i i+ + −  (b) 
2

3

2

6

+
+

−i i

(c) (1 + i) – (1 – 6i) (d) ( ) ( )2 3 2 7i i− − − −

2. ;fn z
1
 = (5 + i) rFkk z

2
 = (6 + 2i)] rks

(a)  z
1
 + z

2 
Kkr dhft,A (b)  z

2
 + z

1 
Kkr dhft,A

 
(c) D;k z

1
 + z

2
 =  z

2
 + z

1
?

(d)  z
1
 – z

2 
Kkr dhft,A (e)  z

2
 – z

1 
Kkr dhft,A

  
(f) D;k z

1
 – z

2 
=  z

2
 – z

1
?

3. ;fn z
1
 = (1 + i), z

2
 = (1 – i) rFkk z

3
 = (2 + 3i)] rks

(a)  z
1
 + (z

2
 + z

3
) Kkr dhft,A (b)  (z

1
 + z

2
) + z

3 
Kkr dhft,A

(c)  D;k z
1
 + (z

2
 + z

3
) = (z

1
 + z

2
) + z

3
? (d)  z

1
 – (z

2
 – z

3
) Kkr dhft,A

(e)  (z
1
 – z

2
) – z

3 
Kkr dhft,A (f)  D;k z

1
 – (z

2
 – z

3
) = (z

1
 – z

2
) – z

3
?

4.  fuEufyf[kr esa ls izR;sd dk ;ksT; izfryksEk Kkr dhft,%

(a) 12 – 7i (b) 4 – 3i

5. (3 –2i) izkIr djus ds fy,  (–15 + 4i) esa D;k tksM+k tkuk pkfg,\

6. fn[kkb, fd { }(3 7 ) (5 2 ) (3 7 ) (5 2 )i i i i+ − + = + − +

 8.9 ,d lfEeJ la[;k dk dks.kkad ,d lfEeJ la[;k dk dks.kkad ,d lfEeJ la[;k dk dks.kkad ,d lfEeJ la[;k dk dks.kkad (Argument)

eku yhft, fd fcUnq  P(a, b) lfEeJ la[;k z = a + bi, a ∈ R, b ∈ R dks fu:fir djrk gS rFkk
OP, x-v{k dh /kukRed fn'kk ds lkFk dks.k θ cukrh gSA

PM ⊥ OX [khafp,A

eku yhft,  OP = r

ledks.k f=kHkqt OMP esa] OM = a; MP = b

∴ r cos θ = a, r sin θ = b

rc z = a + bi dks fy[k ldrs gSa%

     z = r (cosθ + i sinθ) ...(i)

Y

P( )a, b

XX′

Y′

O

r
b

a M

• • • •• • • •• • • •• • • •  8.9
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tcfd r = a b2 2
+ rFkk tanθ =

b

a
, vFkok θ =

F
HG
I
KJ

−tan 1 b

a
 gSA

(i) dks lfEeJ la[;k z dk /kzqoh; :i dgrs gSa rFkk  r vkSj θ  dks lfEeJ la[;k ds Øe'k% ekiakd
rFkk dks.kkad dgrs gSaA

 8.10 nks lfEeJ la[;kvksa dk xq.kunks lfEeJ la[;kvksa dk xq.kunks lfEeJ la[;kvksa dk xq.kunks lfEeJ la[;kvksa dk xq.ku

nks lfEeJ la[;kvksa dks ;ksx rFkk xq.kk ds lkekU; fu;eksa ds vuqlkj gh xq.kk fd;k tk ldrk
gS] tSlk fd okLrfod la[;kvksa esa fd;k tkrk gSA

eku yhft,         z
1
 = (a + bi) rFkk z

2
 = (c + di) rc]

    z
1
.z

2
 = (a + bi).(c + di) = a (c + di) + bi (c + di)

;k = ac + adi + bci + bdi2 ;k = (ac – bd) + (ad + bc)i [D;ksafd i2  = – 1]

;fn (a + bi) rFkk (c + di) nks lfEeJ la[;k,a gksa] rks muds xq.kuQy dks lfEeJ la[;k
(ac – bd) + (ad + bc)i

ds :i esa ifjHkkf"kr fd;k tkrk gSA

mnkgj.k mnkgj.k mnkgj.k mnkgj.k 8.14.    eku Kkr dhft,% (i) (1 + 2i)(1 – 3i) (ii) ( 3 )( 3 )i i+ −  (iii) (3 – 2i)2

gy%gy%gy%gy% (i) (1 + 2i) (1 – 3i) =  {1 – (–6)} + (–3 + 2)i = 7 –  i

(ii) 3 3+ −i ie je j= {3 – (–1)} + ( )3 3 i− +  = 4 + 0i

(iii) (3 – 2i)2 = (3 – 2i) (3 – 2i) = (9 – 4) + (–6 –6)i = 5 – 12i

 8.10.1  fl) dhft, fdfl) dhft, fdfl) dhft, fdfl) dhft, fd

| z
1
.z

2
 | = | z

1
 | . | z

2
 |

 eku yhft, fd z
1
 = r

1
(cosθ

1
 + i sinθ

1
) rFkk z

2
 = r

2
(cosθ

2 
+ isinθ

2
)

∴ | z
1
 | = r

1
 2 2

1 1 1cos sin rθ θ+ =

blh izdkj] | z
2
 | = r

2

    vc] z
1
 z

2
 = r

1
(cosθ

1
 + i sinθ

1
). r

2
(cosθ

2
 + i sinθ

2
)

= r
1
r

2
 [(cosθ

1
cosθ

2
 – sinθ

1
 sinθ

2
) + (cosθ

1
sinθ

2
 + sinθ

1
cosθ

2
 )i]

= r
1
r

2
[cos(θ

1
 + θ

2
) + i sin (θ

1
 + θ

2
)]

[D;ksafd cos(θ
1
 + θ

2
) = cosθ

1
cosθ

2
 – sinθ

1
sinθ

2
 rFkk

sin(θ
1
 + θ

2
) = sinθ

1
cosθ

2
 + cosθ

1
 sinθ

2
]
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2 2

1 2 1 2 1 2 1 2 1 2| . | cos ( ) sin ( )z z r r r rθ θ θ θ= + + + =

∴ | . | | |.| |z z r r z z1 2 1 2 1 2= =

rFkk  z
1
z

2 
dk dks.kkad  = θ

1
 + θ

2
  = z

1 
dk dks.kkad + z

2
 dk dks.kkad

 mnkgj.k mnkgj.k mnkgj.k mnkgj.k 8.15.      lfEeJ la[;k (1 + i) (4 – 3i) dk ekikad Kkr dhft,A

gy%gy%gy%gy% eku yhft, z = (1 + i) (4 – 3i)

rc] | z | = | (1 + i) (4 – 3i)| = | (1 + i) | . | (4 – 3i) |    [D;ksafd |z
1
z

2
| = |z

1
|.|z

2
| ]

fdUrq | 1 + i | = 1 1 22 2
+ =  vkSj  | 4 – 3i | = 4 3 52 2

+ − =( )

∴ = =| | .z 2 5 5 2

  8.11  nks lfEeJ la[;kvksa esa Hkkxnks lfEeJ la[;kvksa esa Hkkxnks lfEeJ la[;kvksa esa Hkkxnks lfEeJ la[;kvksa esa Hkkx

lfEeJ la[;kvksa esa Hkkx ds fy, va'k vkSj gj nksuksa dks gj ds la;qXeh ls xq.kk fd;k tkrk gSA
ge bls ,d mnkgj.k }kjk Li"V djasxsA

eku yhft, 1z a bi= + rFkk  z
2
 = c+di  rc]   ( )

1

2

0
z a bi

c di
z c di

+
= + ≠

+

          
( ) ( )

( ) ( )

a bi c dia bi

c di c di c di

+ −+
=

+ + −
  [va'k vkSj gj dks gj ds la;qXeh ls xq.kk djus ij]

        
( ) ( )

2 2

ac bd bc ad i

c d

+ + −

=

+

bl izdkj] 2 2 2 2

a bi ac bd bc ad
i

c di c d c d

+ + −
= +

+ + +

 mnkgj.k  mnkgj.k  mnkgj.k  mnkgj.k 8.16.     3 + i dks 4 – 2 i ls Hkkx nhft,A

gy%gy%gy%gy%        
3

4 2

i

i

+

−

 = 
( ) ( )

( ) ( )

3 4 2

4 2 4 2

i i

i i

+ +

− +
  [va'k vkSj gj dks  (4 −2i) ds la;qXeh ls xq.kk djus ij]

                    
10 10 1 1

20 2 2

i
i

+
= = +

bl izdkj]   
3 1 1

4 2 2 2

i
i

i

+
= +

−
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8.11.1  fl) dhft, fdfl) dhft, fdfl) dhft, fdfl) dhft, fd         
z

z

z

z

1

2

1

2

=

| |

| |

miifÙk%miifÙk%miifÙk%miifÙk%  z
1
 = r

1
(cosθ

1
 + i sinθ

1
), z

2
 = r

2
(cosθ

2
 + i sinθ

2
)

2 2

1 1 1 1 1| | cos sinz r rθ θ= + =

blh izdkj] | z
2
 | = r

2

rFkk dks.kkad (z
1
) = θ

1
  vkSj dks.kkad (z

2
)=  θ

2

rc]
1 1 1 1

2 2 2 2

(cos sin )

(cos sin )

z r i

z r i

θ θ

θ θ

+
=

+
 

( ) ( )

( ) ( )

1 1 1 2 2

2 2 2 2 2

cos sin cos sin

cos sin cos sin

r i i

r i i

θ θ θ θ

θ θ θ θ

+ −

=

+ −

1 1 2 1 2 1 2 1 2

2 2

2 2 2

(cos cos cos sin sin cos sin sin )
.

(cos sin )

r i i

r

θ θ θ θ θ θ θ θ

θ θ

− + +
=

+

( ) ( )
1

1 2 1 2 1 2 1 2

2

cos cos sin sin sin cos cos sin
r

i
r

θ θ θ θ θ θ θ θ= + + −  

= − + −
r

r
cos isin( )1

2
1 2 1 2( )θ θ θ θ

bl izdkj] = − + −
z

z

r

r
 cos ( ) sin

r

r
1

2

1

2

2

1 2

2 1

2

= θ θ θ θ  = 
1 2

( )  
1

2

z

z
=

∴

1

2

z

z
 dk dks.kkad 1 2θ θ= −    = z

1 
dk dks.kkad –z

2
 dk dks.kkad

mnkgj.k mnkgj.k mnkgj.k mnkgj.k  8.17.     lfEeJ la[;k 
2

3

+

−

i

i
 dk ekikad Kkr dhft,A

gy%gy%gy%gy%             eku yhft,   z = 
2

3

+

−

i

i

∴ =
+

−

| |z
i

i

2

3
      =     

2 i

3 i

+

−
    

11

2 2

zz

z z

 
=  

 
• • • ••• •

( )

2 2

22

2 1 5 1

10 23 1

+
= = =

+ −

∴ =      z 1

2
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8.12  nks lfEeJ la[;kvksa ds xq.ku ds xq.knks lfEeJ la[;kvksa ds xq.ku ds xq.knks lfEeJ la[;kvksa ds xq.ku ds xq.knks lfEeJ la[;kvksa ds xq.ku ds xq.k

1.   laojd xq.klaojd xq.klaojd xq.klaojd xq.k

;fn  z
1
 = a + bi rFkk z

2
 = c + di nks lfEeJ la[;k,¡ gksa] rks mudk xq.kuQy  z

1
z

2
 Hkh ,d

lfEeJ la[;k gksrh gSA

2. Øefofues; xq.kØefofues; xq.kØefofues; xq.kØefofues; xq.k

;fn z
1
 = a + bi rFkk z

2
 = c + di nks lfEeJ la[;k,¡ gksa] rks z

1
z

2
 = z

2
z

1

3. lkgp;Z xq.klkgp;Z xq.klkgp;Z xq.klkgp;Z xq.k

;fn z
1
 = (a + bi), z

2
 = c + di  rFkk z

3
 = (e +  fi) rks z

1
(z

2
.z

3
) = (z

1
.z

2
).z

3

4. xq.ku ds rRled vo;o dk vfLrRo%xq.ku ds rRled vo;o dk vfLrRo%xq.ku ds rRled vo;o dk vfLrRo%xq.ku ds rRled vo;o dk vfLrRo%

izR;sd 'kwU;srj lfEeJ la[;k z
1
 = a + bi ds fy, ,d vf}rh; lfEeJ la[;k (1 + 0i) dk vfLrRo

gksrk gS] rkfd (a + bi).(1 + 0i) = (1 + 0i) (a + bi) = a + bi

eku yhft, fd z
1
 = x + yi lfEeJ la[;k  z = a + bi ds fy, xq.ku dk rRled vo;o gSA

rc z.z
1
 = z  gSA vFkkZr~ (a + bi) (x + yi) = a + bi

;k (ax – by) + (ay + bx)i = a + bi ;k ax – by = a rFkk ay + bx = b

;k x = 1  vkSj  y = 0                                 [lehdj.kksa dks gy djus ij]

vFkkZr~ z
1
 = x + yi = 1 + 0i xq.ku ds fy, rRled vo;o gSA

lfEeJ la[;k 1 + 0i xq.ku ds fy, rRled vo;o gSA

5. xq.kkRed  O;qRØe ¼izfrykse½ dk vfLrRoxq.kkRed  O;qRØe ¼izfrykse½ dk vfLrRoxq.kkRed  O;qRØe ¼izfrykse½ dk vfLrRoxq.kkRed  O;qRØe ¼izfrykse½ dk vfLrRo

xq.kkRed  O;qRØe ,d ,slh lfEeJ la[;k gS ftldks fdlh nh gqbZ 'kwU;srj lfEeJ la[;k ds

lkFk xq.kk djus ij xq.kuQy 1 vkrk gSA nwljs 'kCnksa esa] izR;sd 'kwU;srj lfEeJ la[;k   z = a

+ bi   ds fy, ,d ,slh vf}rh; lfEeJ la[;k (x + yi) dk vfLrRo gksrk gS rkfd mudk xq.kuQy
(1 + 0i) gksA vFkkZr~] (a + bi) (x + yi) = 1 + 0i ;k] (ax – by) + (bx + ay)i = 1 + 0i

okLrfod rFkk dkYifud Hkkxksa dh rqyuk djus ij] ge izkIr djrs gSa%
ax – by = 1 rFkk bx + ay = 0

otz & xq.ku }kjk] x
a

y

b
1

a b2 2
=

−

=

+

( )

22 2

za
x

a b z
⇒ = =

+

• • • • • • • • •
 rFkk 

( )

22 2

zb
y

a b z

−
= = −

+

• • • • • • • •

bl izdkj ,d 'kwU;srj lfEeJ la[;k z = (a + bi) dk xq.kkRed izfrykse gS%

2 2 2

(z) (z) z
x yi i

z z z

 
+ =  −  =

 
 

• • • • • • • • • • •
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mnkgj.k mnkgj.k mnkgj.k mnkgj.k 8. 18.   2 −4i dk xq.kkRed izfrykse Kkr dhft,A

gy%gy%gy%gy% eku yhft, z 2 4i= −

gesa izkIr gksrk gS% 
2 2 2z 2 4i  z 2 ( 4) 20= + = + − =• • • •

∴ okafNr xq.kkRed izfrykse gS% 
z

z
   2 + 4i

20
   =   1

10
1
5

i
2

= +

6.   xq.ku dk ;ksx ij forj.k xq.kxq.ku dk ;ksx ij forj.k xq.kxq.ku dk ;ksx ij forj.k xq.kxq.ku dk ;ksx ij forj.k xq.k

     eku yhft,z
1
 = a

1
 + b

1
i, z

2
 = a

2
 + b

2
i rFkk z

3 
= a

3
 + b

3
i  rc] z

1
(z

2
 + z

3
) = z

1
z

2
 + z

1
z

3

  ns[ksa vkius fdruk lh[kk 8.4

1. fuEufyf[kr esa ls izR;sd dks ljy dhft,%

(a) (1 2i)( 2 i)+ − (b) ( )2 2
+ i

(c) (3 + i)(1 – i)(–1 + i) (d) (2 + 3i)  ÷ (1 –2i)

(e) (1 + 2i) ÷ (1 + i) (f) (1 + 0i) ÷ (3 + 7i)

2. fuEufyf[kr lfEeJ la[;kvksa esa ls izR;sd dk xq.kkRed izfrykse Kkr dhft,%

(a) 3 – 4i (b)  3 7
3 5

2 3
+

+

−

i c
i

i
( )

3. ;fn z
1
 = 4 + 3i, z

2
 = 3 –2i rFkk z

3
 = i + 5 gks] rks lR;kfir dhft, fd

z
1
(z

2
 + z

3
) = z

1
z

2
 + z

1
z

3

4. ;fn z
1
 = 2 + i, z

2
 = –2 + i rFkk  z

3
 = 2 – i gks] rks lR;kfir dhft, fd

        (z
1
.z

2
)z

3
 = z

1
(z

2
.z

3
)

8-13 lfEeJ la[;k dk oxZewy

eku yhft, a + ib ,d lfEeJ la[;k gS rFkk x + iy mldk oxZewy gSA

rc a ib+  = x + iy ⇒ a + ib = (x + iy)2 = 2 2 2x y ixy− +

okLrfod rFkk dkYifud Hkkxksa dks cjkcj djus ij

x2 – y2 = a ....(1)

rFkk 2xy = b ...(2)

chtxf.krh; rRled dk iz;ksx djus ij %

 (x2 + y2)2 = (x2 – y2)2 + 4x2y2 = (a)2 + (b)2 = a2 + b2

 x2 + y2 = 2 2
a b+ ...(3)
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lehdj.k (1) rFkk (3) ds vuqlkj %

      2x2 = ( )
2 2 2 2

1

2
a b a x a b a+ + ⇒ = ±

+ +

rFkk ( )
2 2 2 2 2

1
2

2
y a b a y a b a= + − ⇒ = ±

+ −  

...(4)

lehdj.k (4) esa] bl rjg x rFkk y ds eku ds 4 ;qXe ikrs gSa vkSj ge x rFkk y

ds ogh eku Lohdkj djsaxs tks lehdj.k (1) rFkk (2) nksuksa dks lUrq"V djrs gksaA

lehdj.k (2) esas ;fn ‘b’ /kukRed gS rc x rFkk y nksuksa /kukRed gksaxs] vFkok nksuksa _.kkRed

gksaxsA

2 2 2 21 1
( ) ( )

2 2
a ib a b a i a b a+ = + + + + −

rFkk 2 2 2 21 1
( ) ( )

2 2
a b a i a b a− + + − + −

;fn b _.kkRed gS rks x rFkk y foijhr fpUg ds gksaxs] rc

2 2 2 21 1
( ) ( )

2 2
a ib a b a i b b a+ = − + + + + −

rFkk ( ) ( )2 2 2 2
1 1

2 2
ia b a a b a−

+ + + −

vr% a + ib ds nksuksa voljksa ij nks&nks oxZewy foijhr fpUgksa ds gksaxsA

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 8.19. 7 + 24i dk oxZewy Kkr dhft,A

gy gy gy gy : ekuk 7 24i a ib+ = + ...(1)

nksuksa vksj oxZ djus ij] 7 + 24i = a2 – b2 + 2 iab, izkIr gksrk gSA

okLrfod rFkk dkYifud Hkkxksa dh rqyuk djus ij

a2 – b2 = 7 ...(2)

rFkk 2 ab = 24 ⇒ ab = 12 ....(3)

vr% 2 2 2 2 2 2 2 2( ) ( ) 4a b a b a b+ = − +  ⇒ 
2 2 2( ) 49 4 144a b+ = + ×

⇒ 2 2 2( ) 625a b+ =  ⇒ a2 + b2 = 25 ...(4)

lehdj.k (2) rFkk (4), dks gy djus ij
2a2 = 32 ⇒ a2 = 16 ⇒ a = ± 4

rFkk 2b2 = 18 ⇒ b2 = 9 ⇒ b = ± 3

lehdj.k (3), ab = 12 /kukRed gS] vr% a rFkk b leku fpUgksa ds gksaxs

;gk¡ ij a = 4, b = 3 vFkok a = – 4, b = – 3 gksaxs

vr% 7 + 24i ds nks oxZewy 4 + 3i rFkk – 4 –3i gksaxsA
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mnkgj.k mnkgj.k mnkgj.k mnkgj.k 8.20. ‘– i’ dk oxZewy Kkr dhft,A

gygygygy : ekuk i a ib− = +

⇒ –i = a2 – b2 + 2 iab ...(1)

okLrfod rFkk dkYifud Hkkxksa dks cjkcj djus ij

a2 – b2 = 0 ...(2)

rFkk 2 ab = – 1 ⇒ ab = –
1

2
...(3)

vc] (a2 + b2)2 = (a2 – b2)2 + 4a2b2 = 
1

0 4 1
4

 
+ =  

 ⇒ a2 + b2 = 1     ...(4)

lehdj.k (2) rFkk (4) }kjk] 2b2 = 1 ⇒ b2 = 
1

2
 ⇒ b = ± 

1

2

rFkk 2 2 1 1
2 1 .

2 2
a a a= ⇒ = ⇒ = ±

lehdj.k (3) ds vuqlkj % ‘a’ rFkk ‘b’ dks foijhr fpUg dk gksuk pkfg,

vr% ‘–i’ ds oxZewy 
1

2 2

i
−  rFkk 

1

2 2

i
− +

      ns[ksa vkius fdruk lh[kk 3-5

fuEufyf[kr lfEeJ la[;kvksa ds oxZewy Kkr dhft, %

(i) –21 – 20i (ii) – 4 – 3i (iii) – 48 – 14i

• z = a + bi ekud :i esa ,d lfEeJ la[;k gS] ftlesa a,b ∈ R rFkk i = −1  gSA

• 'i' dh dksbZ Hkh cM+h ?kkr pkj ekuksa  i, –1, –i, 1 esa ls fdlh ,d ds :i esa O;Dr dh tk ldrh gSA

•   lfEeJ la[;k z = a + bi  dk la;qXeh a – bi gksrk gS rFkk bls z  }kjk fufnZ"V fd;k tkrk gSA

• lfEeJ la[;k z = a + bi dk ekikad ¼fujis{k eku½ 2 2a b+  gksrk gS( vFkkZr~

2 2| z | | a bi | a b= + = +  (a) | z | = 0   ⇔ z = 0 (b) | z | = | z  | (c) z z  < z z1 2 1 2+ +

• lfEeJ la[;k z = r (cosθ + i sinθ) lfEeJ la[;k z = a + bi dk /kzqoh; :i fu:fir djrh

gS] tgk¡ r = a b2 2
+  ekikad rFkk θ =

F
HG
I
KJ

−tan 1 b

a
 dks.kkad gSA

• lfEeJ la[;k z = a + bi  dk xq.kkRed izfrykse  
z

z| |2
 gSA

C

A1

% + vkb;s nksgjk,¡
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• ,d lfEeJ la[;k dk oxZewy lfEeJ la[;k gksrh gSA

• ,d lfEeJ la[;k ds nks oxZewyksa esa dsoy foijhr fpUg dk gh vUrj gksrk gSA

� https://www.youtube.com/watch?v=ldjDzriyi28

� https://www.youtube.com/watch?v=BvZcjQivfEs

� https://www.youtube.com/watch?v=M9071V5gye4

� https://www.youtube.com/watch?v=5MzCm16JN0k

� https://www.youtube.com/watch?v=hGGHbSgXXO4

� https://www.youtube.com/watch?v=cLQJ8x7fB_s

� https://www.youtube.com/watch?v=3s4CIWsLEXk

� https://www.youtube.com/watch?v=ag-VRTxSRHw

1. fuEufyf[kr esa ls izR;sd ds okLrfod rFkk dkYifud Hkkxksa dks Kkr dhft,%

(a) 2 + 7i (b) 3 + 0i (c) −
1

2

(d) 5i (e) 
1

2 3+ i

2. fuEufyf[kr esa ls izR;sd dks ljy dhft,%

(a) − −3 27. (b) − −4 72 –3 (c) 3i15 – 5i8 + 1

3. og lfEeJ la[;k,¡ fyf[k, ftuds okLrfod rFkk dkYifud Hkkx Øfer ;qXeksa ds :i esa fn;s x;s gSa%

(a) z(3, –5) (b) z(0 , – 4) (c) z(8, π)

4. fuEufyf[kr esa ls izR;sd dk la;qXeh Kkr dhft,%

(a) 1 – 2i (b) – 1 – 2i (c) 6 – 2 i

(d) 4i (e) – 4i

5. fuEufyf[kr esa ls izR;sd dk ekikad Kkr dhft,%

(a) 1– i (b) 3 + πi (c) 
3

i (d) 2 3i
2

− − +

6. 7i17 – 6i6 + 3i3 – 2i2 + 1 dks a + bi ds :i esa O;Dr dhft,A

7. x  rFkk  y ds eku Kkr dhft,] ;fn

vkb, vH;kl djsa

lgk;d osclkbV
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(a) (x – yi) + 7 – 2i = 9 – i (b) 2x + 3yi = 4 – 9i (c) x – 3yi = 7 + 9i

8. fuEufyf[kr esa ls izR;sd dks ljy dhft,%

(a) (3 + i) – (1 – i) + (–1 + i) (b) 
1 2 3

i i 2i
7 7 7

     
+ − − + −     

     

9. fuEufyf[kr esa ls izR;sd dk ;ksT; izfrykse rFkk xq.kkRed izfrykse Kkr dhft,%

(a) 3 – 7i (b) 11 – 2i (c) 3 2+ i (d) 1 2 i− (e) 
1 5i

1 i

+

−

10. fuEufyf[kr lfEeJ la[;kvksa esa ls izR;sd dk ekikad Kkr dhft,%

(a) 
1

3

5 2

2 3

+

−

+

+

i

i
b

i

i
( )

(c) (3 + 2i) (1 – i)        (d) (1 –3i) (– 2i3 + i2 + 3)

11. lfEeJ la[;kvksa ds fuEufyf[kr ;qXeksa ds fy,] lR;kfir dhft, fd | z
1
z

2
 | = | z

2
 | | z

1
 |

:

(a) z
1
 =  3 – 2i, z

2
 = 1 –5i

(b) z
1
= 3 – 7 i , z

2
 = 3 − i

12. lfEeJ la[;kvksa ds fuEufyf[kr ;qXeksa ds fy, lR;kfir dhft, fd  
z

z

z

z

1

2

1

2

=

| |

| |
:

(a)  z
1
 = 1 + 3i,      z

2
 = 2 + 5i         (b) z

1
 = – 2 + 5i,   z

2
 = 3 – 4i

13. ‘2 + 3i’ dk oxZewy Kkr dhft,A

14. 2 2 3− + −  dk oxZewy Kkr dhft,A

15. ‘i’ dk oxZewy Kkr dhft,A

mÙkjekykmÙkjekykmÙkjekykmÙkjekyk

ns[kas vkius fdruk lh[kk ns[kas vkius fdruk lh[kk ns[kas vkius fdruk lh[kk ns[kas vkius fdruk lh[kk 8.1

1 (a) 3 3 i (b) –3i (c) 13 i

2. (a) 5 + 0i (b) 0 –3i (c) 0 + 0i

3. 12 – 4i

mÙkjekyk
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lfEeJ la[;k,¡

ekWM~;wy - III

chtxf.kr-I

fVIi.kh

ns[kas vkius fdruk lh[kkns[kas vkius fdruk lh[kkns[kas vkius fdruk lh[kkns[kas vkius fdruk lh[kk  8.2

1 (a) 2i (b) – 5 + 3i (c) 2− (d) 3 + 4i

2. (a)

(b)

(c)

y′

x′ x

y

(0, 0) (2, 0) (3, 0)(–3, 0)

O

x′ x

(0, –3)

(0, –5)

O

y′

(0, 4)

(0, 2)

x′ x

y′

y

(–9,–2)

(–4,3)
(–7,2)

(2,5)

(5,2)

(3,–4)

(–2,–9)

(2,–7)
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(d)

 (e)

3. (a)  (i) 3 (ii)  10             (iii) 13              (iv)  21

ns[ka s vkius fdruk lh[kkns[ka s vkius fdruk lh[kkns[ka s vkius fdruk lh[kkns[ka s vkius fdruk lh[kk 8.3

1. (a) ( ) ( )
1

2 5 5 2 i (b) (6 i)
6

+ + − +

(c) 7i (d) ( )2 2 1 (7 3)+ + −

xx′

y′

y

(–6,–5)
(3, –4)

(4, –1)(–1,–1)

(1, 1)
(–4, 1)

(–3, 4)

(6, 5)

y

(6, 7)

(–3, 4)

(1, 1)

(1, –1)
(–5, –1)

(–5, 1)

(–3, –4)

(6, –7)

y′

x′ x
0



xf.kr 181

lfEeJ la[;k,¡

ekWM~;wy - III

chtxf.kr-I

fVIi.kh

2. (a) 11 + 3i (b) 11 + 3i

(c)  gk¡ (d) –1 – i

(e) 1 + i (f)  ugha

3. (a) 4 + 3i (b) 4 + 3i

(c)  gk¡ (d) 2 + 5i

(e) – 2 – i (f)  ugha

4. (a) –12 +  7i (b) – 4 + 3i

5. 18 – 6i

ns[ka s vkius fdruk lh[kkns[ka s vkius fdruk lh[kkns[ka s vkius fdruk lh[kkns[ka s vkius fdruk lh[kk 8.4

1. (a) 2 2 2 2 1+ + −e j e ji (b) 1 2 2 i+

(c)  –2 + 6i (d) 
1

( 4 7i)
5

− +

(e) 
1

2
3( )+ i (f) 

1

58
3 7( )− i

2. (a) 
1

25
3 4+ ib g (b)  

1

52
3 7( )− i

(c) 
1

34
9 19− − ib g

ns[ksa vkius fdruk lh[kk 8-5ns[ksa vkius fdruk lh[kk 8-5ns[ksa vkius fdruk lh[kk 8-5ns[ksa vkius fdruk lh[kk 8-5

(i) 2 –5i, –2 + 5i (ii)
1 3 1 3

,
2 2 2 2

i i
−

− + (iii) 1 7 , 1 7i i− − +

vkb, vH;kl djsavkb, vH;kl djsavkb, vH;kl djsavkb, vH;kl djsa

1. (a) 2, 7 (b) 3, 0     (c) −
1
2

,  0 (d) 0, 5

(e) 
2

13
, 3

13
−

2. (a) –9 (b) 12 6 i−     (c) – 4 – 3i

3. (a) 3 – 5i (b) 0 – 4i     (c) 8 + πi
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4. (a) 1 + 2i (b) –1 + 2i     (c) 6 2 i+

(d) – 4i (e) 4i

5. (a) 2 (b) 9 2
+ π (c) 

3

2
(d) 7

6. 9 + 4i

7. (a) x = 2,  y = –1 (b) x = 2, y = –3 (c) x = 7, y = – 3

8. (a) 1 + 3i (b) 
2

7
+ 0i

9. (a) –3 + 7i, 
1

(3 7i)
58

+

(b) 
1

11 2i,  ( 11 2i)
125

− + − +

(c) ( )
1

3 2 , 3 2
7

i i− − −

(d) 
1

1 2 i,  (1 2 i)
3

− + +

(e) ( )
1

2 3i, 2 3i
13

− +

10.  (a) 
1 1

(b) 145 (c) 26 (d) 4 5
55

13.
13 2 13 2

2 2
i

 
+ −

± + 
  

14. 1 3 , 1 3i i+ − −

15.
1 1 1 1

,
2 2 2 2

i i
−

+ −


